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Abstract
Tutte’s classical spring embedding theorem, and equilibrium graphs on the plane in general,
have been a subject of study for many decades, with connections to and applications in many
areas, including, but not limited to, discrete geometry, planar graph theory, graphics, surface
parametrization, mechanical engineering, and graphical statics. In his 1963 paper, Tutte
observed,
“[W]e may remark that very little is known about representations of graphs in the
protective plane and higher surfaces.”
Six decades since Tutte’s observation, however, our understanding of the properties and applications of equilibrium graphs on higher genus surfaces is still surprisingly limited, despite a
growing body of work suggesting the utility of furthering this understanding.

Figure 1. A perfectly toroidal taurus.

In this thesis, we extend some existing structural properties and algorithmic applications of
equilibrium graphs on the plane to the setting of flat tori. In particular, we consider the classical
Maxwell–Cremona correspondence and a number of different planar morphing algorithms.
The Maxwell–Cremona correspondence, through a more modern computational geometry
lens, can be summarized as stating that a planar graph is in positive equilibrium if and only
if it is a weighted Delaunay graph of its point set. We derive some partial generalizations
of this correspondence in the toroidal setting. In particular, we show that, whereas weighted
Delaunay still implies positive equilibrium on flat tori, the converse is not always true; however,
we give a full characterization of when the converse holds.
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Next, we present generalizations of a few different techniques for morphing planar graphs.
We show that techniques by Cairns and by Floater and Gotsman generalize to the toroidal
setting with minor modifications; our generalization of the latter also provides a short proof of
a conjecture of Connelly et al. for geodesic torus triangulations. On the other hand, Alamdari
et al.’s improvement of Cairns’ method uses techniques that do not seem to generalize. Instead,
we obtain a similar improvement via a novel technique using toroidal spring embeddings, and
then adapt said new technique to derive a new, simpler planar morphing algorithm.
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To myself,
with relief,
for getting it done.
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Chapter 1

Introduction
In his seminal 1963 paper, Tutte [213] described a method for producing visually appealing
drawings of planar graphs. Specifically, his so-called spring embedding theorem states that,
given a 3-connected planar graph G with a fixed convex polygon for the outer face, one
can compute a straight-line embedding of G on the plane, wherein every edge is drawn as a
straight-line segment between its endpoints and edges are not allowed to cross, in such a way
that every vertex is positioned at the center of mass (or barycenter) of its neighbors and every
face is convex.
Intuitively, Tutte’s spring embedding theorem is based on finding equilibrium positions for
each vertex: Imagine that each edge is a rubber band or spring that pulls inward on its
endpoints with some amount of force related to some positive stress value on the edge. After
nailing down the vertices on the outer face, we can “let go” of all the other vertices. Each edge
will try to pull its endpoints together, but each vertex is pulled in many directions by its incident
edges. Eventually, after maybe bouncing around for a bit, the system will reach an equilibrium,
in which the forces on each unfixed vertex sum to 0 and there is no more movement. Figure 1.1
shows spring embeddings corresponding to three different sets of edge stresses.

Figure 1.1. Tutte spring embeddings corresponding to three different sets of edge stresses.

Moreover, this equilibrium can be defined in terms of a linear system whose variables are the
positions of the vertices. Intuitively, the system encodes the fact that at equilibrium, the sum
of the forces around each vertex sums to 0; see Section 2.11.1 for a more detailed description of
this system. It is well-known that this linear system can be solved in O(nω/2 ) = O(n1.18643 ) time,
where ω < 2.37286 is the matrix multiplication exponent [7, 143]. Floater later generalized
this result to allow asymmetric stresses [96,97]; intuitively, one can imagine that in this setting,
edges pull on their endpoints with different amounts of force.
Tutte’s spring embedding theorem turned out to be extremely important, arguably launch1

ing the research area of graph drawing, and has close relations to and applications in many
areas. For example, Tutte’s spring embedding theorem is closely related to many fundamental
results in planar graph theory such as the Fáry–Stein–Wagner Theorem [93, 200, 216], Steinitz’
theorem [198, 199], and the Koebe–Andreev–Thurston circle packing theorem [10, 11, 41, 58,
61, 95, 135, 162–164]. Tutte embeddings and their generalizations have also found extensive
applications in other areas of Computer Science, including graphics [1–3], surface and mesh
parametrization [76,96,109,110,114,197,218], and morphing [57,99,111,130,205–207]. The equilibrium systems considered by Tutte are also closely related to the classical Maxwell–Cremona
correspondence [18, 68–70, 121, 156–158, 220], which has its roots in mechanical engineering;
moreover, the Maxwell–Cremona correspondence can be extended [18, 221] to relate Tutte’s
spring embeddings to weighted Delaunay graphs, which have countless applications in computational geometry [19, 20, 27, 28, 33, 35, 42, 46, 77, 83, 84, 112, 123, 160, 194–196, 215, 222].

1.1

Outline

Given the extensive literature on the properties and applications of equilibrium graphs,
it is natural to ask what aspects generalize to graphs drawn on other surfaces, and how they
generalize. In this thesis, we specifically consider graphs drawn on flat tori: we investigate generalizations of the aforementioned Maxwell–Cremona(–Delaunay) correspondence and various
planar morphing algorithms.
The Maxwell–Cremona correspondence relates equilibrium stresses on a straight-line drawing of a planar graph to orthogonal straight-line drawings of the planar dual, as well as dual
polyhedral lifts of both drawings. In particular, when the drawing admits a positive equilibrium
stress, then it is in fact a Tutte spring embedding, and the induced polyhedral lift is convex. In
this setting, we can interpret the primal and dual embeddings as being dual weighted Delaunay
graphs and weighted Voronoi diagrams, respectively.
Morphing between geometric objects is an important problem with applications in areas
like computer graphics [107], linkage reconfiguration [74], motion planning [141], and cartography [190, 219]. In many application areas, one often uses a straight-line planar graph
embedding as a proxy for the underlying data; computing a morph between two straightline planar embeddings translates to a morph between the actual objects in consideration.
Specifically, a morph between two straight-line embeddings Γ0 and Γ1 is a continuous family
of straight-line embeddings Γ t starting at Γ0 and ending at Γ1 . Cairns [44] first proved the
existence of morphs between straight-line embeddings in 1944; Floater, Gotsman and Surazhsky [99, 111, 205–207] later devised a morph based on Floater’s asymmetric extension [96, 97]
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of Tutte’s spring embedding theorem.
The natural generalization of a straight-line segment on the plane to other surfaces is a
geodesic, which is a locally-shortest path between its endpoints. Note that on the plane, there
is only one geodesic between two points, which is the straight-line segment between them;
in general, there can be many geodesics between two points. The natural generalization of
a straight-line planar drawing to other surfaces is a geodesic drawing, in which every edge is
drawn as one of possibly many geodesics between its endpoints.
The notion of locally-shortest implies that we have chosen a metric on our surface. The
common visualization of a torus as being the surface of a donut in R3 does not induce a flat
metric. Instead, to obtain a flat torus, one can identify opposite sides of a parallelogram
and impose a locally Euclidean metric; see Figure 1.2. Equivalently, one can quotient out the
Euclidean plane R2 by a lattice of translations.

(a)

(b)

Figure 1.2. Topologically, a torus can be seen as both (a) the surface of a donut, or (b) a parallelogram with opposite
sides identified.

Graphs on flat tori thus provide a natural model for biperiodic infinite planar graphs, or
situations with periodic boundary conditions. Moreover, it is also well-known that the higher
the genus of a surface, the larger the family of graphs that can be drawn without edge crossings;
the torus thus serves as a way of working with a larger family of graphs than on the plane.
Geodesic toroidal drawings have found applications across many different fields, including
chemistry and physics in the study of solids since at least as far back as 1930 [101, 113, 175] and,
more recently, rigidity theory [36–38, 154, 185, 186]. Equilibrium drawings of graphs on flat tori
have previously been studied in the context of computer graphics [109, 197] as well as network
visualization [53].
Tutte’s spring embedding theorem was first generalized to geodesic triangulations of surfaces
of non-positive curvature by Y. Colin de Verdière [60]; this result was later rediscovered by Hass
and Scott [115]. The result was also extended to work for arbitrary essentially 3-connected
toroidal graph embeddings multiple times by independent authors [73, 109, 148]. A natural
extension of Floater’s equilibrium system exists for toroidal graphs, but is not always solvable:
the corresponding system has 2n equations over 2n variables but has rank 2n − 2. Steiner and
3

Fischer [197] modified the system by fixing the position of one vertex, giving a system with full
rank, but solving the system does not result in a toroidal embedding of the graph. Very recently,
Luo et al. [152] proved a generalization of Floater’s theorem to geodesic triangulations of
arbitrary surfaces with strictly negative curvature, extending the spring-embedding theorems
of Colin de Verdière [60] and Hass and Scott [115] to asymmetric weights; unfortunately, their
result does not extend to flat tori.

1.1.1

Toroidal Maxwell–Cremona Correspondences

The Maxwell–Cremona correspondence is a classical result in mechanical statics, with roots
dating at least as far back as 1725 [214]. In modern terminology, the Maxwell–Cremona
correspondence establishes an equivalence between three different structures on a straightline graph drawing Γ in the plane:
• An equilibrium stress on Γ is an assignment of non-zero weights to the edges of Γ , such
that the weighted edge vectors around every interior vertex sums to zero.
• A reciprocal diagram for Γ is a straight-line drawing Γ ∗ of the dual graph, in which every
edge e∗ is orthogonal to the corresponding primal edge e.
• A polyhedral lifting of Γ assigns z-coordinates to the vertices of Γ , so that the resulting
lifted vertices in R3 are not all coplanar, but the lifted vertices of each face of Γ are
coplanar.

Figure 1.3. A positive equilibrium graph, the induced convex lifting, and orthogonal reciprocal embedding.

If the outer face of Γ is convex, the Maxwell–Cremona correspondence implies an equivalence
between equilibrium stresses in Γ that are positive on every interior edge, convex polyhedral
liftings of Γ , and reciprocal embeddings of Γ ∗ . The well-known equivalence between convex liftings and weighted Delaunay complexes implies that all three of these structures are equivalent
to a fourth:

4

• A Delaunay weighting of Γ is an assignment of weights to the vertices of Γ , so that Γ is
the (power-)weighted Delaunay graph of its vertices.
The correspondence has resulted in numerous applications across a wide variety of fields [18,
20, 54, 57, 65, 68, 74, 75, 81, 121, 122, 172, 173, 181, 182, 191, 202–204].
The goal of Chapter 3 is to try to extend the Maxwell–Cremona–Delaunay correspondence
to flat tori. Equilibrium stresses can easily be defined for toroidal graph drawings, as can
toroidal duals. Moreover, weighted Delaunay complexes and their dual Voronoi diagrams
can be defined intrinsically on flat tori [33]. Borcea and Streinu investigated polyhedral lifts
for biperiodic infinite planar graph drawings [38], which are equivalent to flat torus graph
drawings. However, their polyhedral lifts are periodic and thus non-convex; moreover, it is
not clear what a “convex” polyhedral lifting would look like in a purely toroidal setting. We
describe generalizations of parts of the Maxwell–Cremona–Delaunay correspondence, with a
full discussion of when certain parts of the generalization fail to hold. As an application, we
also derive a toroidal analog of Steinitz’ theorem (Theorem 3.6).
Portions of Chapter 3 are based on and adapted from joint work by Jeff Erickson [88] and
an independently authored manuscript [145].

1.1.2

Toroidal Morphs

Floater and Gotsman [99] constructed a morph between two straight-line drawings of the
same planar graph G, with convex faces and the same outer face, based on Floater’s asymmetric
extension [97] of Tutte’s spring embedding theorem [213]; Gotsman and Surazhsky later
generalized Floater and Gotsman’s technique to arbitrary planar straight-line graphs [111,
205–207]. Floater and Gotsman’s method is based on interpolating asymmetric stresses: Given
asymmetric stresses describing the initial and final embeddings, one can apply Floater’s theorem
to convex combinations of the initial and final stresses to obtain intermediary embeddings. As
we vary the stress continuously from the initial stress to the final stress, the corresponding
embedding varies continuously as well, i.e., we obtain a morph.
Floater and Gotsman were not the first to construct morphs between straight-line planar
graph drawings: the history of morphing between planar straight-line graphs dates back to
Cairns [44, 45], who, in 1944, was the first to prove the existence of morphs between arbitrary
isomorphic planar straight-line triangulations, using an inductive argument based on the idea
of collapsing an edge from a low-degree vertex to one of its neighbors. Thomassen later [210]
extended Cairns’ proof to arbitrary planar straight-line graphs.
Floater and Gotsman’s method [99, 111, 205–207] results in morphs that are natural and
visually appealing but are represented implicitly; variations on Cairns’ edge-collapse method [4,
5

44,45,133,210] result in efficient explicit representations of morphs that are, unfortunately, not
useful for visualization: because the morphs move vertices very close to each other, it is difficult
for a user to track the motions of the vertices.
In Chapter 4, we explain how to extend Cairns’ existence result to flat tori. The major
roadblock towards generalizing the result is the following: Cairns’ strategy relies heavily
on finding vertices of degree at most 5; the existence of such vertices for planar graphs is
guaranteed by Euler’s formula. However, Euler’s formula for torus graphs implies that the
average degree of a vertex is exactly 6. The bulk of Chapter 4 is devoted to showing that
in spite of this issue, Cairns’ strategy can be adapted to flat tori with minimal modifications.
Portions of Chapter 4 are based on and adapted from joint work with Erin W. Chambers, Jeff
Erickson, and Salman Parsa [51].

Figure 1.4. Morphing between randomly shifted toroidal grids.

In Chapter 5, we then explain how to extend Floater and Gotsman’s barycentric method to
flat tori. The major roadblock here is that Floater’s asymmetric extension of Tutte’s spring
embedding theorem does not extend to flat tori: although one can derive a natural extension
for the linear system, the system does not have full rank and, in general, cannot be solved.
Steiner and Fischer [197] attempt to fix this issue by fixing the position of a single vertex,
restoring full rank to the system, but the result of solving their system is not necessarily an
embedding, meaning that the result is not a proper morph. In contrast, we describe a simple
method for deriving stress vectors whose convex combinations always correspond to linear
systems that do have solutions; moreover, these solutions correspond to actual embeddings. In
other words, our method results in a proper extension of Floater and Gotsman’s method to the
toroidal setting. Figure 1.4 shows (snapshots of) a morph computed by the resulting algorithm.
Our extension of Floater and Gotsman’s method also provides a short and simple proof of a
6

conjecture of Connelly et al. [66] on the deformation space of geodesic torus triangulations.
Portions of Chapter 5 are based on and adapted from joint work with Jeff Erickson [89].

1.1.3

Efficient Piecewise-Linear Morphs

Whereas Floater and Gotsman’s barycentric interpolation method [99, 111, 205–207] results
in morphs that are represented implicitly, variations of Cairns’ edge-collapse method results in
planar morphs with explicit piecewise-linear vertex trajectories. Cairns’ original method [44,
45] produced piecewise-linear morphs of exponential complexity; a long series of later works [5,
13, 14, 24], culminating in papers by Alamdari et al. [4], and Kleist et al. [133], improved the
method, ultimately producing efficient algorithms to construct planar morphs with explicit
piecewise-linear vertex trajectories of low description complexity. (Alamdari et al. [4] and
Roselli [184] provide more detailed history of these results.) Given any two isomorphic straightline embeddings of the same n-vertex planar graph, these papers describe how to construct,
in O(n1+ω/2 ) time, a piecewise-linear morph consisting of O(n) morphing steps. Thus, each
vertex moves along a piecewise-linear path with complexity O(n), and the entire morph has
complexity O(n2 ).
Unfortunately, these improvements rely on a subprocedure that does not seem to have
an obvious implementation on flat tori. As such, trying to obtain similar bounds on both
description and runtime complexity requires new tools. In Chapter 6, we introduce a novel
technique based on Floater and Gotsman’s barycentric interpolation method, that results a
unidirectional morph, i.e., a morph in which all vertices move along parallel geodesics.
We first apply this to symmetric stresses to define an equilibrium counterpart to Cairns’ edge
collapses, allowing us to obtain a piecewise-linear morph between embeddings on flat tori.
The morph consists of O(n) morphing steps, and is computed in O(n1+ω/2 ) time, matching the
previous state of the art on the plane. Unfortunately, because this morph is, ultimately, still
based on the idea of collapsing edges, they are not useful for visualization purposes.
Next, we observe that unidirectional barycentric interpolation can also be applied to morphing planar graphs. We describe a “best-of-both-worlds” result that simultaneously obtains nice
properties enjoyed by the two different approaches for planar morphing previously described:
our algorithm is quite simple, and produces a piecewise-linear morph that, by avoiding the
need to collapse edges, remains good for visualization purposes; see Figure 1.5 for an example. Remarkably, this is achieved without sacrificing description or runtime complexity: the
resulting morph consists of O(n) morphing steps, and is computed in O(n1+ω/2 ) time. An
intermediary result also improves a result of Angelini et al. [15]. Unfortunately, it is not clear
if we can extend the result to the toroidal setting, as it relies heavily on asymmetric stresses.
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Figure 1.5. Incrementally morphing between planar graphs.

Portions of Chapter 6 are based on and adapted from joint work with Erin W. Chambers, Jeff
Erickson, and Salman Parsa [51], and joint work with Jeff Erickson [89].

1.1.4

Open Questions and Miscellany

In Chapter 7, we collect some open questions and ideas related to the results presented in
the thesis. Finally, in Chapter 8 we summarize some miscellaneous thoughts, including some
half-baked ideas that did not pan out, as well as some useless trivia.
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Chapter 2

Preliminaries
We assume some familiarity with basic terminology and definitions in graph theory, topology,
and computational geometry. For useful references on graphs and topology from a mathematical viewpoint, see Mohar and Thomassen [167] and Giblin [103]; for a more algorithmic point
of view, see É. Colin de Verdière [63] and Erickson [86]. Standard references for computational
geometry include Devadoss and O’Rourke [77] and de Berg et al. [27].

2.1

Graphs

A graph is a combinatorial object consisting of a set V of vertices and a multiset E of
unordered pairs of vertices called edges; for those who prefer definitions that are overly concise
yet still fully precise, a graph is a one-dimensional semi-simplicial set. All graphs we consider
will be undirected, and we explicitly allow graphs with loops and parallel edges, see Figures 2.1–
2.3.
Formally, we regard each edge of a graph G as a pair of opposing darts, each directed from
one endpoint, called the tail, toward the other endpoint, called the head. For each edge e, we
arbitrarily label the darts e + and e − ; we call e+ the reference dart of e. Given a dart d, we
denote its reversal by rev(d); thus, for example, head(rev(d)) = tail(d) and rev(rev(d)) = d
for every dart d. Given a dart d, its edge will be denoted by |d|. We will sometimes write
d : u  v to declare that tail(d) = u and head(d) = v; at the risk of confusing the reader, we

will also write u  v to denote an arbitrary anonymous dart with tail u and head v, and v u
for the reversal of u v. The (multi)set of darts will be referred to by D.

A graph is simple if it does not contain any self-loops or parallel edges, and 3-connected if

it remains connected after deleting any two vertices.

2.2

Planar Graph Drawings

A drawing Γ of a graph G on the (Euclidean) plane R2 is a continuous function from G as a
topological space to R2 : each vertex of G is mapped to a point in the plane, and each edge of
G to a path between its endpoints.
An embedding is an injective drawing, mapping vertices of G to distinct points and edges
9

to interior-disjoint simple paths between their endpoints.1 The faces of an embedding are
the components of the complement of the image of the graph; in particular, embeddings are
cellular, i.e., all faces are open disks. In any embedded graph, left(d) and right(d) denote the
faces immediately to the left and right of any dart d. An embedding is a triangulation if every
face is bounded by three edges, and convex if every face are convex.
We will say that a graph G is planar if there is an embedding of G on the plane.
A straight-line drawing of G on R2 is a drawing that maps edges to line segments, and a
straight-line embedding is an embedding that maps edges to line segments.

2.3

Flat Tori

The square flat torus T is the surface obtained by identifying opposite sides of the Euclidean
unit square [0, 1]2 via the identification (x, 0) ∼ (x, 1) and (0, y) ∼ (1, y).

More generally, a flat torus is a surface defined by identifying opposite sides of a paral
a b
lelogram in R2 : For any nonsingular 2 × 2 matrix M = c d , let T M denote the flat torus

obtained by identifying opposite edges of the fundamental parallelogram ◊ M with vertex
 a b 

0
a+b
coordinates 0 , c , d , and c+d . In particular, T = T I . The linear map M : R2 → R2
induces a homeomorphism M : T → T M .

Equivalently, T M is the quotient space of the plane R2 with respect to the lattice L M of

translations generated by the columns of M ; in particular, the square flat torus is the quotient
space R2 /Z2 . The quotient map π M : R2 → T M is called a covering map or projection. A lift of

a point p ∈ T M is any point in the preimage π−1
(p) ⊂ R2 .
M

A flat torus T M naturally inherits a metric from this projection: for any two points p, q ∈ T M ,

their distance is equal to minimum over all lifts e
p and e
q of p and q, respectively, of the standard

Euclidean distance between e
p and e
q. A geodesic in T M is the projection of any line segment in
R2 ; we emphasize that geodesics are not necessarily shortest paths; indeed, there are infinitely
many geodesics between any two points, see Figure 2.1.

2.4

Toroidal Graph Drawings

Generalizing from the planar setting, a drawing Γ of G on a flat torus T is a continuous
function from G as a topological space to T. Just as in the planar case, an embedding is an
injective drawing, mapping vertices of G to distinct points and edges to interior-disjoint simple
1

We note that this usage differs from standard terminology in many graph drawing papers, where “embedding”
refers to either a homeomorphism class of (not necessarily injective) drawings or a rotation system.
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paths between their endpoints. As before, the faces of an embedding are the components of
the complement of the image of the graph; in particular, embeddings are cellular, i.e., all faces
are open disks. left(d) and right(d) will continue denote the faces immediately to the left and
right of any dart d (in a toroidal embedding, these are possibly the same face).
We will say that a graph G is toroidal if there is an embedding of G on a (flat) torus.
The universal cover e
Γ of a drawing Γ on any flat torus T M is the unique infinite periodic
graph in R2 such that π M (e
Γ ) = Γ ; in particular, each vertex, edge, or face of e
Γ projects to a
vertex, edge, or face of G, respectively.
When moving from the plane to flat tori, one generalizes from speaking about line segments
to geodesics; accordingly, a geodesic drawing of G on any flat torus T is a drawing that maps
edges to geodesics, and a geodesic embedding is an embedding that maps edges to geodesics.
e is a straight-line
Equivalently, a drawing (embedding) is geodesic if its universal cover G
drawing (embedding) on the plane.
v

v

v

u

w

w

v

v

u

v

u

w

u

w

v

w

v

v

u

v

u

w
v

u

w

v

v

u

u

w
v

w
v

v

Figure 2.1. An essentially simple, essentially 3-connected geodesic graph embedding on the square flat torus (with multiple edges between pairs of vertices) and a small portion of its universal cover.

A toroidal drawing Γ is essentially simple if its universal cover e
Γ is simple, and essentially
3-connected if e
Γ is 3-connected [108, 163–166]. We emphasize that essential simplicity and essential 3-connectedness are features of embeddings, not of their corresponding abstract graphs.
Every geodesic toroidal embedding is essentially simple.
An embedding Γ is a triangulation if every face of Γ is bounded by three edges; for toroidal
embeddings, this is equivalent to the universal cover e
Γ being a planar triangulation. In particular, we do not insist that triangulations are simplicial complexes. Every geodesic triangulation
is essentially 3-connected.
e in the universal cover e
The link of a vertex u
Γ is the simple polygon formed by the boundary
e; the vertices of the link are the neighbors of u
e.
of the union of the (closed) faces incident to u
We emphasize that when projecting a link down to the flat torus, the vertices and edges of the
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link need not remain distinct. For a vertex u in G, we informally write “link of u” to refer to
e of u, and similarly for edges of G. Because the links of any two
the link of an arbitrary lift u
lifts are congruent, any property proven about one lift applies to all of the others.
Just as a flat torus inherits its geometry via projection from the plane, geometric properties
of geodesics, polygons, and embeddings on a flat torus are defined by projection from the
universal cover.
For example, the angle between two edges (or geodesics) e and e0 at a common vertex u is
e. Thus, we say a face of a toroidal
equal to the angle between lifts e
e and e
e0 at a common lift u

embedding is convex if its lifts are convex. An embedding Γ is convex if all of its faces are
convex.
Similarly, the cyclic order of edges around a vertex u of Γ is the cyclic order of the corree. In particular, if u is incident to a loop, that loop
sponding edges around an arbitrary lift u
e of u is incident to two different lifts of
appears twice in cyclic order around u, and each lift u

that loop. Finally, angles in the link of a vertex in Γ are projections of angles in the link of an
e.
arbitrary lift u

2.5

Coordinate Representations

When trying to do computational geometry involving graph drawings, one needs to have a
way to represent said drawings.
To represent an arbitrary straight-line embedding of a graph in the plane, it suffices to record
the coordinates of each vertex; each edge in the embedding is the unique line segment between
its endpoints. For geodesic graphs on flat tori, we need to specify the way that edges cross the
boundary edges of the fundamental parallelogram.
We can represent a geodesic drawing Γ of a graph G on the square flat torus T by associating
a coordinate vector p v ∈ R2 to every vertex v and a translation vector τd ∈ Z2 to every dart

d of G. Each coordinate vector p v records the coordinates of an arbitrary lift e
v of v to the
universal cover e
Γ , and the translation vector of each dart encodes which lifts of its endpoints
are connected in e
Γ . Specifically, for each dart d in G, the universal cover e
Γ contains an edge
between ptail(d) and phead(d) +τd , and therefore also contains an edge between ptail(d) +(i, j) and
phead(d) +τd +(i, j) for all integers i and j. Translation vectors are antisymmetric: τd = −τrev(d) .

Coordinate representations are not unique; in fact, each toroidal embedding has an infi-

nite family of equivalent representations. Two coordinate representations (p, τ) and (p0 , τ0 )
with the same underlying graph are equivalent, meaning they represent the same geodesic
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embedding (up to translation), if and only if
∆d := phead(d) + τd − ptail(d)
0
0
= phead(d)
+ τ0d − ptail(d)

(2.1)

for every dart d. The vector ∆d , which we call the displacement vector of d, is the difference
between the head and tail of any lift of d to e
Γ . Reversing a dart negates its displacement:
∆d = −∆rev(d) . We sometimes write ∆x d and ∆yd to denote the first and second coordinates

of ∆d .

Let (p, τ) be any coordinate representation of Γ . Given arbitrary integer vector π v ∈ Z2 for

each vertex of G, we can define a new coordinate representation (pπ , τπ ) as follows, for every
vertex v and dart d:
pπv = p v + π v
τπd = τd + πtail(d) − πhead(d)

(2.2)

Easy calculation implies that the representations (p, τ) and (pπ , τπ ) are equivalent. This
transformation is a multidimensional generalization of the reweighting or repricing strategy
proposed by Tomizawa [211] and Edmonds and Karp [85] for minimum-cost flows, and later
used by Johnson to compute shortest paths [129].
A geodesic drawing of a graph G on any other flat torus T M can be specified fully by a
coordinate vector and translation vector for its image on T and the linear transformation
M . For example, displacement vectors on T M are linear transformations of corresponding

displacement vectors on T : ∆d = M phead(d) − ptail(d) + τd .
It will often be convenient to work with canonical coordinates. A (canonical) coordinate

vector for a vertex v is a vector p v ∈ [0, 1)2 . In this setting, we refer the translation vector

for each dart d as the crossing (or homology) vector χd ∈ Z2 . Crossing vectors have the

following intuitive interpretation: the first coordinate of χd is the number of times d crosses
the vertical boundary rightward (if the first coordinate of χd is negative, then its absolute value

is the number of times d crosses the vertical boundary leftward); and the second coordinate of
x d is the number of times d crosses the horizontal boundary upward (similarly, if the second
coordinate is negative, then its absolute value is the number of times d crosses the horizontal
boundary downward).
Crossing vectors have been used in several previous algorithms for surface graphs [48–
50, 87, 90, 91] and simplicial complexes [43, 79, 80] to encode the homology classes of cycles.
Translation vectors have traditionally used to model periodic (or “dynamic”) graphs [55,64,125–
127, 131, 136, 174, 179, 217] and more recently used to model periodic bar-and-joint frameworks
13
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u

Figure 2.2. The geodesic embedding from Figure 2.1, showing the crossing vectors of all four darts from u to v .

[36, 38, 78, 132, 154, 170, 187, 188].

2.6

Homotopy, Isotopy, and Morphs

A homotopy between two drawings Γ0 and Γ1 of the same graph G on a surface X is a
continuous function H : [0, 1] × G → X where H(0, ·) = Γ0 and H(1, ·) = Γ1 . A homotopy is
an isotopy if each intermediate function H(t, ·) is injective. In other words, an isotopy is a

continuous family of embeddings (Γ t ) t∈[0,1] that interpolates between Γ0 and Γ1 . (Edges in
these intermediate embeddings Γ t are not required to be geodesics.)
The isotopy type of a planar embedding is fully determined by the combinatorial structure of
the embedding, otherwise known as a rotation system; given a 3-connected planar graph, the
rotation system is fully determined by the choice of outer face and orientation for said outer
face. Thus two planar embeddings of the same 3-connected planar graph G are isotopic if and
only if they are isomorphic as embeddings if and only if they have the same (oriented) outer
face.

u

v

u

v

u

v

Figure 2.3. Three combinatorially equivalent but non-isotopic geodesic toroidal triangulations with parallel edges and
loops.

Unlike in the case of planar embeddings, two toroidal embeddings of the same graph need
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not be isotopic, even if they have the same rotation system; see Figure 2.3. A recent algorithm
of É. Colin de Verdière and de Mesmay [56] can decide whether two toroidal drawings of the
same graph are isotopic in linear time; we describe an arguably simpler linear-time algorithm
in Section 2.8. However, neither of these algorithms actually construct an isotopy if one exists;
rather, they check whether the two embeddings satisfy certain topological properties that
characterize isotopy [138–140].
A morph between two isotopic straight-line (geodesic) embeddings Γ0 and Γ1 on the plane
(torus) is a continuous family of straight-line (geodesic) embeddings (Γ t ) t∈[0,1] from Γ0 to
Γ1 , i.e., a straight-line (geodesic) isotopy between Γ0 and Γ1 . Any planar (toroidal) morph
is completely determined by the continuous motions on the vertices; straight-line (geodesic)
edges update in the obvious way.
When talking about morphing between planar graph embeddings, it is standard to start by
fixing the same (convex) outer face in the initial and final embeddings; for toroidal embeddings,
we will instead fix the position of an arbitrary vertex.
A morph is linear if each vertex moves along a straight line (geodesic) from its initial
position to its final position, and piecewise-linear if it the concatenation of linear morphs. Any
planar piecewise-linear morph can be described by a finite sequence Γ0 , . . . , Γk of straight-line
embeddings; toroidal piecewise-linear morphs also need to include a set of geodesics connecting
vertices in each Γi to corresponding vertices in Γi+1 . A linear morph is unidirectional if vertices
move along parallel lines.
For the sake of convenience, we will assume the square flat torus T as the setting for
morphing toroidal graphs; however, the algorithms we describe will apply to any other flat
torus T M via linear transformation of the coordinates.

2.7

Homology and Circulations

The (integer) homology class [γ] of a directed cycle γ in a toroidal drawing Γ is the sum
of the crossing vectors of its forward darts.2 A cycle is contractible if its homology class is

0
0 and essential otherwise. Equivalently, a cycle on T is contractible if it is homotopic to a
single point. In particular, the boundary cycle of each face of Γ is contractible. Two cycles on
a torus are homotopic if and only if they have the same integer homology class; similarly, two
embeddings of the same graph G on the same flat torus T are homotopic if and only if every
cycle has the same homology class in both embeddings [56, 140].
A circulation φ in a graph G is a function from the darts of G to the reals, such that
2

It is for this reason that crossing vectors are also called homology vectors.
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φ(u v) = −φ(v u) for every dart u v and

P
u v

φ(u v) = 0 for every vertex u. We

represent circulations by column vectors in R E , indexed by the edges of G, where φe = φ(e+ ).
Let ΞΓ denote the 2 × E matrix whose columns are the crossing vectors of the reference darts
in an embedding Γ of G. The homology class of a circulation is the matrix-vector product
X

[φ] := ΞΓ φ =

φ(e+ )x(e+ ).

(2.3)

e∈E

(This identity directly generalizes our earlier definition of the homology class [γ] of a cycle γ.)
On the square flat torus, the integer homology class of any directed cycle is also equal to the
sum of the displacement vectors of its darts:
[γ] :=

X
u v∈γ

x(u v) =

X
u v∈γ

∆u v .

(2.4)

In particular, the total displacement of any contractible cycle is zero, as expected. Define the
displacement matrix ∆ of a geodesic drawing to be the 2 × E matrix whose columns are the

displacement vectors of the reference darts of G. Extending the identity for directed cycles to
circulations by linearity gives us the following useful lemma:
Lemma 2.1. Fix a geodesic drawing of a graph G on T with displacement matrix ∆. For any
circulation φ in G, we have ∆φ = ΞΓ φ = [φ].
More generally, for non-square tori T M , we have the identity ∆φ = M ΞΓ φ = M [φ].

2.8

Coordinate Normalization and Isotopy Testing

Let Γ0 and Γ1 be two isotopic geodesic embeddings of the same graph G on T , given by
coordinate representations (p(0), τ(0)) and (p(1), τ(1)) respectively. To simplify the presentation of our morphing algorithms, we implicitly assume that the translation vectors in both
representations are identical: τ(0)d = τ(1)d for every dart d. This assumption allows us to
describe, reason about, and ultimately compute a morph from Γ0 to Γ1 entirely in terms of
changes to the vertex coordinates; all translation vectors remain fixed throughout the morph.
If necessary, we can enforce this assumption in O(n) time using the following normalization
algorithm. Let (p(0), τ(0)) and (p(1), τ(1)) be the given coordinate representations of Γ0
and Γ1 , respectively. First, construct an arbitrary spanning tree T of the underlying graph G,
directed away from an arbitrary root vertex r. For every vertex v, let P(v) denote the unique
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directed path in T from r to v. For each vertex v, let
πv =

X

(τ(1)d − τ(0)d ).

(2.5)

d∈P(v)

We can compute the vectors π v for all vertices in O(n) time by preorder traversal of T . Finally, we replace the target representation (p(1), τ(1)) with the equivalent representation
(p(1)π , τ(1)π ).
Lemma 2.2. For all darts d in T , we have τ(1)πd = τ(0)d .
Proof. Let d be any dart in T directed from some vertex u to one of its children v in T .
Straightforward calculation implies
πu − π v =

X

(τ(1)d 0 − τ(0)d 0 )

d 0 ∈P(u)

−

X

(τ(1)d 0 − τ(0)d 0 )

d 0 ∈P(v)

= τ(0)d − τ(1)d
and therefore τ(1)πd = τ(1)d +πu −π v = τ(0)d . A similar calculation (or antisymmetry) implies
that τ(1)πd = τ(0)d for every dart d directed from a vertex to its parent in T .

Theorem 2.1. Γ0 and Γ1 are isotopic if and only if τ(1)πd = τ(0)d for every dart d.
Proof. We exploit a theorem of Ladegaillerie [138–140], which states that two embeddings are
isotopic if and only if every cycle in one embedding is homotopic to the corresponding cycle in
the other embedding.
For any dart d in the underlying graph G, let ∆0 (d) and ∆1 (d) denote the displacement
vectors of d in Γ0 and Γ1 , respectively. (We emphasize that displacement vectors are independent
of the coordinate representation.) For any directed cycle C in G, let ∆0 (C) and ∆1 (C) denote
the sum of the displacement vectors of its darts:
∆0 (C) :=

X

∆0 (d)

and

∆1 (C) :=

d∈C

X

∆1 (d)

d∈C

Recall that ∆0 (C) is the integer homology class of C in Γ0 , and that two cycles on the torus are
homotopic if and only if they have the same integer homology class; in particular, the image of

0
C in Γ0 is contractible if and only if ∆0 (C) = 0 . Ladegaillerie’s theorem implies that Γ0 and Γ1
are isotopic if and only if ∆0 (C) = ∆1 (C) for every cycle C.
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The spanning tree T defines a set of fundamental cycles that span the cycle space of G.
Specifically, for each dart d that is not in T , the fundamental directed cycle C T (d) consists
of d and the unique directed path in T from head(d) to tail(d). Every directed cycle in
G (indeed every circulation in G) can be expressed as a linear combination of fundamental
cycles. It follows by linearity that Γ0 and Γ1 are isotopic if and only if every fundamental cycle
has the same integer homology class in both embeddings, or in other words, if and only if
∆0 (C T (d)) = ∆1 (C T (d)) for every dart d ∈ G \ T .

Straightforward calculation implies that the homology class of any cycle is also equal to the

sum of the translation vectors of its darts with respect to any coordinate representation:
∆0 (C) =

X

τ(0)d

d∈C

∆1 (C) =

X

τ(1)d =

d∈C

X

τ(1)πd .

d∈C

In particular, for any non-tree dart d 6∈ T , we immediately have
∆0 (C T (d)) − ∆1 (C T (d)) =

X
d 0 ∈C T (d)

τ(0)d 0 − τ(1)πd 0



= τ(0)d − τ(1)πd
Thus, τ(1)πd = τ(0)d for every dart d if and only if ∆0 (C) = ∆1 (C) for every fundamental cycle
C, which completes the proof of the theorem.
Theorem 2.1 and our normalization algorithm immediately imply an O(n)-time algorithm
to test whether two given coordinate representations (p(0), τ(0)) and (p(1), τ(1)) represent
isotopic toroidal embeddings of the same graph G. Our algorithm is arguably simpler than
the isotopy algorithm of É. Colin de Verdière and de Mesmay [56], which is also based on
Ladegaillerie’s theorem [138–140]. On the other hand, our isotopy algorithm is specific to
geodesic embeddings on the flat torus, whereas É. Colin de Verdière and de Mesmay’s algorithm
works for arbitrary combinatorial embeddings of graphs on arbitrary 2-manifolds.

2.9

Duality and Reciprocality

Every embedding Γ on the defines a dual graph G ∗ whose vertices correspond to the faces
of Γ , where two vertices in G ∗ are connected by an edge for each edge separating the corresponding pair of faces in Γ . This dual graph G ∗ has a natural embedding in which each
vertex f ∗ of G ∗ lies in the interior of the corresponding face f of G, each edge e∗ of G ∗ crosses
18

only the corresponding edge e of G, and each face p∗ of G ∗ contains exactly one vertex p
of G in its interior. Each dart d in G has a corresponding dart d ∗ in G ∗ , defined by setting
head(d ∗ ) = left(d)∗ and tail(d ∗ ) = right(d ∗ ); intuitively, the dual of a dart in G is obtained by
rotating the dart counterclockwise. See Figure 2.4.

w
v
u

Figure 2.4. The geodesic embedding from Figure 2.1 and its dual graph.

We regard any drawing of G ∗ to be (orthogonal) dual to G if and only if it is homotopic to
this natural embedding; this also defines the dual graph for any drawing of G that is homotopic
to an embedding. Any drawing of G ∗ on T is rotated dual to G if its image is homotopic to
the 90◦ clockwise rotation of the image of the aforementioned natural embedding of G ∗ on T .
More generally, a drawing of G ∗ is rotated dual to G on some flat torus T if the image of G ∗
on T is rotated dual to the image of G on T .
Two dual geodesic drawings Γ and Γ ∗ on the same flat torus T are orthogonal reciprocal
if every edge e in Γ is orthogonal to its dual edge e∗ in Γ ∗ ; Γ and Γ ∗ are parallel reciprocal if
every edge e in G is parallel to its dual edge e∗ in G ∗ .
Note that on the plane, rotated duals are homotopic to regular duals via a 90◦ counterclockwise rotation; in general this is not the case on flat tori. As a result, one typically speaks of
planar straight-line drawings as simply being reciprocal to each other.
When working with duality, it will prove convenient to treat vertex coordinates, displacement
vectors, crossing vectors, and circulations in any embedding Γ of G as column vectors, and their
counterparts in any dual embedding Γ ∗ of G ∗ as row vectors. For any vector v ∈ R2 we define

0 −1
v ⊥ := (J v) T , where J := 1 0 is the matrix for a 90◦ counterclockwise rotation. Note that
J T = J −1 = −J. Similarly, for any 2 × n matrix A, we define A⊥ := (JA) T = −AT J.

A cocirculation in G a row vector θ ∈ R E whose transpose describes a circulation in G ∗ .

The cohomology class [θ ]∗ of any cocirculation with respect to a drawing Γ ∗ of the dual is the
transpose of the homology class of the circulation θ T in Γ ∗ .
Let Γ be a toroidal embedding of a graph G. Recalling that ΞΓ is the 2 × E matrix whose

columns are crossing vectors of edges in Γ , let ξ1 and ξ2 denote the first and second rows of
ΞΓ .
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Lemma 2.3. The row vectors ξ1 and ξ2 describe cocirculations in G whose cohomology classes
with respect to the standard dual embedding of G ∗ are [ξ1 ]∗ = (0, 1) and [ξ2 ]∗ = (−1, 0).
Proof. Without loss of generality, assume that Γ is an embedding on the square flat torus T ,
with no vertices on the boundary of the fundamental square . Let γ1 and γ2 denote directed
cycles in T (not in G) induced by the boundary edges of , directed respectively rightward
and upward.
Let d0 , d1 , . . . , dk−1 be the sequence of darts in Γ that cross γ2 from left to right, indexed by
the upward order of their intersection points. Each dart d that appears in this sequence appears
exactly ξ1 (d) times, once for each crossing. For each index i, we have left(di ) = right(di+1 mod k );
∗
thus, the corresponding sequence of dual darts d0∗ , d1∗ , . . . , dk−1
describes a closed walk in G ∗ .

In the standard dual embedding of G ∗ , this closed walk can be continuously deformed to γ2 ,
so it has the same homology class as γ2 ; see Figure 2.5. We conclude that [ξ1 ]∗ = (0, 1).

G

G

G*

G*

Figure 2.5. Proof of Lemma 2.3: The darts in G crossing either boundary edge of the fundamental square dualize to a
closed walk in G ∗ parallel to that boundary edge.

Symmetrically, the darts crossing γ1 upward define a closed walk in the standard dual
embedding of G ∗ in the same homology class as the reversal of γ1 , and therefore [ξ2 ]∗ =
(−1, 0).
Lemma 2.4. The row vectors ξ1 and ξ2 describe cocirculations in G whose cohomology classes
with respect to the rotated dual embedding of G ∗ are [ξ1 ]∗ = (1, 0) and [ξ2 ]∗ = (0, 1).
Proof. Just as in the proof of Lemma 2.3, we assume that Γ is an embedding on the square flat
torus T , with no vertices on the boundary of the fundamental square , let γ1 and γ2 denote
directed cycles in T induced by the boundary edges of , directed respectively rightward and
upward, and let d0 , d1 , . . . , dk−1 be the sequence of darts in Γ that cross γ2 from left to right,
indexed by the upward order of their intersection points; the corresponding sequence of dual
∗
darts d0∗ , d1∗ , . . . , dk−1
describes a closed walk in G ∗ .

In the rotated dual embedding of G ∗ , this closed walk can instead be continuously deformed
to γ1 , so it has the same homology class as γ1 , i.e., [ξ1 ]∗ = (1, 0). See Figure 2.6.
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dualize
−−−−−→

rotate
−−−−−→

G

G*

Figure 2.6. Proof of Lemma 2.4: The darts in G crossing either boundary edge of the fundamental square dualize to a
closed walk in G ∗ parallel to the rotation of that boundary edge.

Symmetrically, the darts crossing γ1 upward define a closed walk in the rotated dual embedding of G ∗ with the same homology class as γ2 , so [ξ2 ]∗ = (0, 1).

2.10

Coherent Subdivisions

Let Γ be a geodesic embedding on some flat torus T M , and fix arbitrary real weights π v for
every vertex v of G. Let i  j, i k, and i ` be three consecutive darts around a common tail

p in counterclockwise order. Thus, left(i  j) = right(i k) and left(i k) = right(i `). We call

the edge ik locally Delaunay if the following determinant is positive:
∆x i  j

∆yi  j

∆x i k ∆yi k
∆x i ` ∆yi `

1
2
2 |∆i  j |

+ πi − π j

1
2
2 |∆i ` |

+ πi − π`

1
2
2 |∆i k |

+ πi − πk > 0.

(2.6)

This inequality follows by elementary row operations and cofactor expansion from the standard
determinant test for appropriate lifts of the vertices i, j, k, ` to the universal cover:
xi

yi

1
2
2 (x i

1 xj

yj

1
2
2 (x j

1 xk

yk

1
2
2 (x k

1 x`

y`

1
2
2 (x `

1

+ yi2 ) − πi

+ y j2 ) − π j

+ yk2 ) − πk

> 0.

(2.7)

+ y`2 ) − π`

(The factor 1/2 simplifies our later calculations, and is consistent with Maxwell’s construction
of polyhedral liftings and reciprocal diagrams.) Similarly, we say that an edge is locally flat
if the corresponding determinant is zero. Finally, Γ is the weighted Delaunay graph of its
vertices if every edge of Γ is locally Delaunay and every diagonal of every non-triangular face
is locally flat.
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One can easily verify that this condition is equivalent to Γ being the projection of the weighted
Delaunay graph of the lift π−1
(V ) of its vertices V to the universal cover. Results of Bobenko
M
and Springborn [33] imply that any finite set of weighted points on any flat torus has a unique
weighted Delaunay graph. We emphasize that weighted Delaunay graphs are not necessarily
either simple or triangulations; however, every weighted Delaunay graphs on any flat torus
is both essentially simple and essentially 3-connected. The dual weighted Voronoi graph of
Γ , also known as its power diagram [19, 21], can be defined similarly by projection from the
universal cover.
Finally, a geodesic toroidal embedding is coherent if it is the weighted Delaunay graph of its
vertices, with respect to some vector of weights.

2.11

Stresses

A stress on a graph G is a real vector λ ∈ R D indexed by the darts of G. A stress is symmetric

if λd = λrev(d) for each dart d; equivalently, one can view a symmetric stress as a real vector
λ ∈ R E indexed by the edges of G.
2.11.1

Equilibrium Stresses

Given a drawing Γ of G on the plane with fixed outer face, a symmetric stress λ is an
equilibrium stress for Γ if the weighted sum of the displacement vectors around each internal
vertex is zero:

 
0
,
λ|d| (p v − pu ) =
0
d:u v
X

for each internal vertex u.

(2.8)

If Γ instead a drawing on a flat torus, λ is an equilibrium stress for Γ if the weighted sum of
the displacement vectors around every vertex is zero:
 
0
λ|d| (p v + τd − pu ) =
,
0
d:u v
X

for each vertex u.

(2.9)

It may be helpful to imagine each stress coefficient λe as a linear spring constant; intuitively,
each edge pulls its endpoints inward, with a force equal to the length of e times the stress
coefficient λe .
Formally, Tutte’s 1963 result about equilibrium planar graph embeddings can be summarized
as follows:
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Theorem 2.2 (Tutte [213]). Given a 3-connected planar graph drawing G with a fixed convex
polygon for the outer face, assign to each edge e a stress λe > 0. Then the linear system (2.8)
has a unique solution, corresponding to a convex straight-line planar graph embedding such
that each vertex is the weighted center of mass of its neighbors.
Y. Colin de Verdière [60] extended Theorem (2.2) to all surfaces with non-negative curvature;
this result was also independently discovered by Hass and Scott [115]. The cases of Y. Colin de
Verdière’s theorem for the flat torus has also been independently reproved by many authors [73,
109, 148]. When specialized to T , the result can be stated as follows:
Theorem 2.3 (Y. Colin de Verdière [60]). Given an essentially simple, essentially 3-connected
toroidal drawing of a torus graph G, assign to each edge e a stress λe > 0. Then the linear system (2.9) is unique up to translation, and corresponds to a convex geodesic toroidal embedding
of G such that each vertex is the weighted center of mass of its neighbors.
The linear system (2.8) is a symmetric matrix whose support is the planar graph G, which has
p
balanced separators of size O( n), and thus the linear system can be solved in O(nω/2 ) time
using the generalized nested dissection technique of Lipton et al. [146], where ω < 2.37286
is the matrix multiplication exponent [7, 143]. The linear system (2.9) is a symmetric matrix
p
whose support is the toroidal graph G, which also has balanced separators of size O( n) [6],
and can thus also be solved in O(nω/2 ) time via generalized nested dissection [146].
Given a planar (toroidal) graph G and a positive symmetric stress λ, we will refer to the
embedding promised by Theorem 2.2 (Theorem 2.3) as the Tutte embedding Γ λ .
Theorem 2.3 also provides the following sufficient condition for a displacement matrix to
describe a geodesic embedding on the square torus T :
Lemma 2.5. Fix an essentially simple, essentially 3-connected graph G on T , a 2 × E matrix

∆, and a symmetric stress vector λ. Suppose for every directed cycle (and therefore any
circulation) φ in G, we have ∆φ = Λφ = [φ]. Then ∆ is the displacement matrix of a
geodesic drawing on T that is homotopic to G. If in addition λ is a positive equilibrium stress
for that drawing, the drawing is an embedding.
Proof. A classical result of Ladegaillerie [138–140] implies that two embeddings of the same
graph on the same surface are isotopic if and only if every cycle has the same homology class
in both embeddings. (See É. Colin de Verdière and de Mesmay [56].) Because homology and
homotopy coincide on the torus, the assumption ∆φ = Λφ = [φ] for every directed cycle
immediately implies that ∆ is the displacement matrix of a geodesic drawing that is homotopic
to G.
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If λ is a positive equilibrium stress for that drawing, then the uniqueness clause in Theorem
2.3 implies that the drawing is in fact an embedding.
As observed by Delgado-Friedrichs [73], equilibrium is invariant under affine transformation.
As a consequence, we have the following:
Lemma 2.6. Let G be a geodesic graph on the square flat torus T . If λ is an equilibrium stress
for G, then λ is also an equilibrium stress for the image of G on any other flat torus T M .

2.11.2

Barycentric Stresses

Given a drawing Γ of G on the plane with fixed outer face, a (possibly asymmetric) positive
stress λ is a barycentric stress for Γ if the weighted sum of the displacement vectors around
each internal vertex is zero:
 
0
,
λd (p v − pu ) =
0
d:u v
X

for each internal vertex u.

(2.10)

Floater [97] proved the following generalization of Tutte’s spring embedding theorem to
asymmetric stresses:
Theorem 2.4 (Floater [97]). Given a 3-connected planar graph drawing G with a fixed convex
polygon for the outer face, assign to each dart d a stress λd > 0. Then the linear system (2.10)
has a unique solution, corresponding to a convex straight-line planar graph embedding such
that each vertex is the weighted center of mass of its neighbors.
As in the symmetric case, the support of the linear system (2.10) is the planar graph G, which
p
has balanced separators of size O( n) and thus the linear system can be solved in O(nω/2 )
time using Alon and Yuster’s [8] extension of the generalized nested dissection technique of
Lipton et al. [146] to asymmetric matrices.
Given a planar graph G and a positive symmetric stress λ, we will refer to the embedding
promised by Theorem 2.4 as the Floater embedding Γ λ .
If Γ instead a drawing on a flat torus, λ is an barycentric stress for Γ if the weighted sum of
the displacement vectors around every vertex is zero:
X
d:u v

λd (p v + τd − pu ) =

 
0
,
0
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for each vertex u.

(2.11)

We will frequently consider the linear system (2.11) in matrix notation as L λ P = H λ , where P
is the n × 2 matrix whose rows are the coordinate vectors p v for each vertex v, and
X X


λd

 k d:i k
L iλj = X


−λd



if i = j
and
otherwise

H iλ =

XX
j

λd x d

(2.12)

d:i  j

d:i  j

The (unnormalized, asymmetric) Laplacian matrix L λ has rank n − 1 [197].

However, this generalization does not hold for the flat torus: Gortler et al. [109] showed

than whenever the linear system (2.11) has a solution, then it corresponds to a convex geodesic
toroidal embedding of G such that each vertex is the weighted center of mass of its neighbors;
furthermore, the solution can be found in O(nω/2 ) time via generalized nested dissection [8,146]
and toroidal separators [6, 104].
However, as observed by Steiner and Fischer [197], the system does not in general have a
solution; Dealing with this issue is the main subject of Chapter 5. As a concrete example, let
G be any graph on the torus, and consider the asymmetric stress λbad that assigns weight 2 to
a single dart d and weight 1 to every dart other than d. (There is obviously nothing special
about the values 1 and 2 here.)
Lemma 2.7. λbad is not a realizable weight vector for G.
Proof. Let u = tail(d) and v = head(d). For the sake of argument, suppose the linear system
L λbad P = H λ has a solution; let Γ λbad be the resulting drawing. This system remains solvable if
we remove row u and arbitrarily fix pu [197]. All dart weights in this truncated linear system
are equal to 1, which implies that the drawing Γ λbad is identical to the Tutte drawing Γ 1 for the
all-1s weight vector. Comparing the two linear systems, we conclude that p v − pu + τd = (0, 0);
that is, the edge of d has length zero in Γ λbad = Γ 1 . But this is impossible; every edge in a Tutte
drawing has non-zero length [109, Lemma B.5].
Given a positive a torus graph G and positive stress λ, whenever the system (2.11) does have
a solution, we will refer to the resulting embedding as the Floater embedding Γ λ . In this
case, we will say that λ is realizable, and that Γ λ realizes λ. Every realizable weight vector
is realized by a two-dimensional family of drawings that differ by translation; we can remove
this ambiguity by arbitrarily fixing the position of one vertex [109, 197].
Given a convex (planar or toroidal) embedding Γ , a barycentric stress can be computed in
O(n) time using, for example, Floater’s mean-value coordinates [98, 120] or, when all vertices
have bounded degree, linear programming [192].
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Chapter 3

Toroidal Maxwell–Cremona
Correspondences
The Maxwell–Cremona correspondence is a fundamental theorem establishing an equivalence between three different structures on a straight-line graph drawing Γ in the plane:
• An equilibrium stress on Γ is an assignment of non-zero weights to the edges of Γ , such
that the weighted edge vectors around every interior vertex sums to zero.
• A reciprocal diagram for Γ is a straight-line drawing Γ ∗ of the dual graph, in which every
edge e∗ is orthogonal to the corresponding primal edge e.
• A polyhedral lifting of Γ assigns z-coordinates to the vertices of Γ , so that the resulting
lifted vertices in R3 are not all coplanar, but the lifted vertices of each face of Γ are
coplanar.
If the outer face of Γ is convex, the Maxwell–Cremona correspondence implies an equivalence
between equilibrium stresses in Γ that are positive on every interior edge, convex polyhedral
liftings of Γ , and reciprocal embeddings of Γ ∗ . Moreover, as Whiteley et al. [221] and Aurenhammer [18] observed, the well-known equivalence between convex liftings and weighted
Delaunay complexes [19, 20, 42, 84, 215] implies that all three of these structures are equivalent
to a fourth:
• A Delaunay weighting of Γ is an assignment of weights to the vertices of Γ , so that Γ is
the (power-)weighted Delaunay graph [19, 33] of its vertices.
In this chapter, we develop a few different generalizations of the Maxwell–Cremona–Delaunay
correspondence to geodesic drawings of graphs on flat tori. We prove the following correspondences for any geodesic drawing Γ on any flat torus T.
• Any reciprocal drawing Γ ∗ on T defines unique equilibrium stresses in both Γ and Γ ∗
(Lemma 3.1). This is true for both orthogonal and parallel reciprocality.
• Unlike in the plane, Γ may have equilibrium stresses that are not induced by reciprocal
embeddings; more generally, not every equilibrium graph on T is reciprocal (Theorem 3.1). Orthogonal reciprocality depends on the conformal structure of T, which is
determined by the shape of its fundamental parallelogram. We derive a simple geometric condition that characterizes which equilibrium stresses are orthogonal reciprocal
on T (Lemma 3.8). On the other hand, parallel reciprocality is an affine property: an
equilibrium stress is parallel reciprocal on T if and only if it is parallel reciprocal on every
26

flat torus (Lemma 3.10).
• We show that for any equilibrium stress on Γ , there is a flat torus T0 , unique up to rotation
and scaling of its fundamental parallelogram, such that the same equilibrium stress is
orthogonal reciprocal for the affine image of Γ on T0 (Theorem 3.3). In short, every
equilibrium stress for Γ is orthogonal reciprocal on some flat torus. This result implies
a natural toroidal analogue of Steinitz’s theorem (Theorem 3.6): Every essentially 3connected torus graph Γ is homotopic to a weighted Delaunay graph on some flat torus.
• We give an alternative geometric interpretation for when an equilibrium stress induces an
(orthogonal or parallel) reciprocality. Given an equilibrium stress on Γ , we can consider
the induced (orthogonal or parallel) reciprocal diagram e
Γ ∗ of the universal cover e
Γ of
Γ; e
Γ ∗ is an infinite biperiodic planar graph drawing that can be projected down to force
diagram on a possibly different flat torus T0 (Theorems 3.14 and 3.15). An equilibrium
stress induces an (orthogonal or parallel) reciprocality if and only if the force diagram in
fact lives on the same flat torus, i.e. if and only if T = T0 .
• Γ has an orthogonal reciprocal embedding if and only if Γ is coherent. Specifically,
each orthogonal reciprocal diagram for Γ induces an essentially unique set of Delaunay
weights for the vertices of Γ (Theorem 3.5). Conversely, each set of Delaunay weights for
Γ induces a unique orthogonal reciprocal diagram Γ ∗ , namely the corresponding weighted
Voronoi diagram (Lemma 3.16). Thus, unlike in the plane, a reciprocal diagram Γ ∗ may
not be a weighted Voronoi diagram of the vertices of Γ , but some unique translation of
Γ ∗ is.

3.1

History and Related Work

Building on earlier seminal work of Varignon [214], Rankine [177, 178], and others, Maxwell
[156–158] proved that any straight-line planar graph Γ with an equilibrium stress has both
a reciprocal diagram and a polyhedral lifting. In particular, positive and negative stresses
correspond to convex and concave edges in the polyhedral lifting, respectively. Moreover,
for any equilibrium stress λ on Γ , the vector 1/λ is an equilibrium stress for the reciprocal
diagram Γ ∗ . Finally, for any polyhedral liftings of Γ , one can obtain a polyhedral lifting of
the reciprocal diagram Γ ∗ via projective duality. Maxwell’s analysis was later extended and
popularized by Cremona [69, 70] and others; the correspondence has since been rediscovered
several times in other contexts [18, 121]. More recently, Whiteley [220] proved the converse
of Maxwell’s theorem: every reciprocal diagram and every polyhedral lift corresponds to an
equilibrium stress; see also Crapo and Whiteley [68]. For modern expositions of the Maxwell–
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Cremona correspondence aimed at computational geometers, see Hopcroft and Kahn [119],
Richter-Gebert [182, Chapter 13], or Rote, Santos, and Streinu [189].
Among many other consequences, combining the Maxwell–Cremona correspondence [220]
with Tutte’s spring-embedding theorem [213] yields an elegant geometric proof of Steinitz’s
theorem [198, 199] that every 3-connected planar graph is the 1-skeleton of a 3-dimensional
convex polytope (Richter-Gebert [182, Chapter 13] provides an exposition of this proof). The
Maxwell–Cremona correspondence has been used for scene analysis of planar drawings [18,
20, 68, 121, 204], finding small grid embeddings of planar graphs and polyhedra [54, 75, 81, 122,
172, 181, 182, 191], and several linkage reconfiguration problems [65, 74, 173, 202, 203].
It is natural to ask how or whether these correspondences extend to graphs on surfaces
other than the Euclidean plane. Lovász [147, Lemma 4] describes a spherical analogue of
Maxwell’s polyhedral lifting in terms of Colin de Verdière matrices [59, 62]; see also [137].
Izmestiev [128] provides a self-contained proof of the correspondence for planar frameworks,
along with natural extensions to frameworks in the sphere and the hyperbolic plane. Finally,
and most closely related to the contents of this chapter, Borcea and Streinu [38], building on
their earlier study of rigidity in infinite periodic frameworks [36, 37], develop an extension of
the Maxwell–Cremona correspondence to infinite periodic graphs in the plane, or equivalently,
to geodesic drawings on the Euclidean flat torus. Specifically, Borcea and Streinu prove that
periodic polyhedral liftings correspond to periodic stresses satisfying an additional homological
constraint.1
Our weighted Delaunay graphs are (the duals of) power diagrams [19,21] or Laguerre-Voronoi
diagrams [123] in the intrinsic metric of the flat torus. Toroidal Delaunay triangulations are
commonly used to generate finite-element meshes for simulations with periodic boundary
conditions, and several efficient algorithms for constructing these triangulations are known
[35,46,112,160]. Building on earlier work of Rivin [183] and Indermitte et al. [124], Bobenko and
Springborn [33] proved that on any piecewise-linear surface, intrinsic Delaunay triangulations
can be constructed by an intrinsic incremental flipping algorithm, mirroring the classical planar
algorithm of Lawson [142]; their analysis extends easily to intrinsic weighted Delaunay graphs.
Weighted Delaunay complexes are also known as regular or coherent subdivisions [72, 222].
Finally, equilibrium and reciprocal embeddings are closely related to the celebrated KoebeAndreev-Thurston circle-packing theorem: Every planar graph is the contact graph of a set
of interior-disjoint circular disks [10, 11, 135]; see Felsner and Rote [95] for a simple proof,
based in part on earlier work of Brightwell and Scheinerman [41] and Mohar [162]. The circle1

Phrased in terms of toroidal frameworks, Borcea and Streinu consider only equilibrium stresses for which the
corresponding reciprocal toroidal framework contains no essential cycles. The same condition was also briefly
discussed by Crapo and Whiteley [68, Example 3.6].

28

packing theorem has been generalized to higher-genus surfaces by Colin de Verdière [58, 61]
and Mohar [163, 164]. In particular, Mohar proves that any well-connected graph Γ on the
torus is homotopic to an essentially unique circle packing for a unique Euclidean metric on the
torus. This disk-packing representation immediately yields a weighted Delaunay graph, where
the areas of the disks are the vertex weights. We revisit and extend this result in Section 3.5.
Discrete harmonic and holomorphic functions, circle packings, and intrinsic Delaunay triangulations have numerous applications in discrete differential geometry; we refer the reader to
monographs by Crane [67], Lovász [149], and Stephenson [201].

3.2

An Example

Before diving into the technical details, let us first consider an example of some of the
phenomena we will encounter. This example will also serve as a running example for details
that are clarified or expanded on later in this chapter. Let Γ be the (unweighted) intrinsic
 1/7 2/7 3/7 4/7 5/7 6/7
0
Delaunay triangulation of the seven points 0 , 3/7 , 6/7 , 2/7 , 5/7 , 1/7 , 4/7 on the square
flat torus T , and let Γ ∗ be the corresponding intrinsic Voronoi diagram, as shown in Figure 3.1.
The triangulation Γ is a highly symmetric geodesic embedding of the complete graph K7 ; torus
graphs isomorphic to Γ and Γ ∗ were studied in several early seminal works on combinatorial
topology [116, 117, 161].
1/7

9/7
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7/4
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Figure 3.1. An intrinsic Delaunay triangulation, its dual Voronoi diagram, and their induced equilibrium stresses. Compare with Figures 3.2 and 3.4.

The edges of Γ fall into three equivalence classes, with slopes 3, 2/3, −1/2 and lengths
 1/7 3/7
p
p
p
0
10/7, 5/7, 14/7, respectively. The triangle 0 , 3/7 , 2/7 , shaded in Figure 3.1, has

19/98
circumcenter 17/98 . Measuring slopes and distances to the nearby edge midpoints, we find
that corresponding orthogonal dual edges in Γ ∗ have slopes −1/3, −3/2, and 2 and lengths
p
p
p
4 10/49, 5/49, and 9 14/49, respectively. These dual slopes confirm that Γ and Γ ∗ are
reciprocal (as are any Delaunay triangulation and its dual Voronoi diagram; see Section 3.4).
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Lemma 3.1 will imply that the dual edge lengths induce stress coefficients 4/7, 1/7, and 9/7
to the edges of Γ , and yield an equilibrium stress for Γ ; symmetrically, the stress coefficients
7/4, 7, and 9/7 yield an equilibrium stress for Γ ∗ .
Of course, this is not the only equilibrium stress for Γ ; indeed, symmetry implies that Γ
is in equilibrium with respect to the uniform stress λ ≡ 1. However, there is no reciprocal

embedding, orthogonal or parallel, Γ ∗ such that every edge in Γ has the same length as the
corresponding dual edge in Γ ∗ .

1

1

1
1

1
1

1

1

1
1

1

1
1

1
1

1
1

1
1

1

1

Figure 3.2. An “orthogonal reciprocal” embedding (at half scale) induced by the uniform equilibrium stress λ ≡ 1.
Compare with Figures 3.1 and 3.4.

The doubly-periodic universal cover e
Γ is also in equilibrium with respect to the uniform
stress λ ≡ 1. Thus, the classical Maxwell–Cremona correspondence implies an embedding of
the dual graph (e
Γ )∗ in which every dual edge is orthogonal to and has the same length as
its corresponding primal edge in e
Γ . (Borcea and Streinu [38, Proposition 2] discuss how to
solve the infinite linear system giving the heights of the corresponding polyhedral lifting of e
Γ .)
Symmetry implies that (e
Γ )∗ is doubly-periodic. Crucially, however, e
Γ and (e
Γ )∗ have different


2
−1
period lattices. Specifically, the period lattice of (e
Γ )∗ is generated by the vectors −1 and 2 ;
see Figure 3.2.

Understanding which equilibrium stresses correspond to reciprocal embeddings is the topic
of Section 3.3.2. In particular, in that section we describe simple necessary and sufficient
conditions for an equilibrium stress to be orthogonal or parallel reciprocal, which the unit
stress for Γ fails. Section 3.3.3 will then provide an interpretation of the different period
lattices.
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3.3

Toroidal Maxwell–Cremona...

Here we consider two different cases of the general Maxwell–Cremona correspondence,
and how they generalize to flat tori. We first consider orthogonal reciprocal diagrams, as
drawn by Maxwell. Maxwell [156–158] derived his reciprocal diagrams with dual edges drawn
orthogonally to their corresponding primal edges so as to obtain the equivalence to polyhedral
liftings of Γ in R3 : Γ is the projection of this polyhedral lift, and Γ ∗ is the projection of its polar
dual around the unit paraboloid. But following Rankine beforehand [177, 178] and Cremona
afterwards [69, 70], we can also ask about what happens for for parallel reciprocal diagrams.

3.3.1

Reciprocal Implies Equilibrium

Lemma 3.1. Let Γ and Γ ∗ be (orthogonal or parallel) reciprocal geodesic drawings on some flat
torus T M . The vector λ defined by λe = |e∗ |/|e| is an equilibrium stress for Γ ; symmetrically,
the vector λ∗ defined by λ∗e∗ = 1/λe = |e|/|e∗ | is an equilibrium stress for Γ ∗ .

Proof. Let λe = |e∗ |/|e| and λ∗e∗ = 1/λe = |e|/|e∗ | for each edge e. Let ∆ denote the 2 × E

displacement matrix of Γ , and let ∆∗ denote the (transposed) displacement matrix of Γ ∗ . We
immediately have ∆∗e∗ = λe ∆⊥
for every edge e of Γ . The darts leaving each vertex p of Γ
e
dualize to a cycle around the corresponding “face” u∗ of Γ ∗ , and thus


X
v : uv∈E

λuv ∆u v

⊥

=

X
v : uv∈E

λuv ∆⊥
=
u v

X
v : uv∈E

∆∗(u v)∗ = (0, 0) .

We conclude that λ is an equilibrium stress for Γ , and thus (by swapping the roles of Γ and Γ ∗ )
that λ∗ is an equilibrium stress for Γ ∗ .
A symmetric stress vector λ is an orthogonal reciprocal stress for Γ if there is an orthogonal
reciprocal drawing Γ ∗ on the same flat torus such that λe = |e∗ |/|e| for each edge e; similarly,
a symmetric stress vector λ is a parallel reciprocal stress for Γ if there is a parallel reciprocal
drawing Γ ∗ on the same flat torus such that λe = |e∗ |/|e| for each edge e. Thus, a geodesic

torus graph is orthogonal (parallel) reciprocal if and only if it has an orthogonal (parallel)
reciprocal stress, and Lemma 3.1 implies that every orthogonal or parallel reciprocal stress is
an equilibrium stress. The following simple construction shows that the converse of Lemma 3.1
is false.
Theorem 3.1. Not every positive equilibrium stress for Γ is an orthogonal reciprocal stress.
More generally, not every equilibrium graph on T is reciprocal/coherent on T.
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Proof. Let Γ1 be the geodesic triangulation in the flat square torus T with a single vertex p and
 1

1
2
three edges, whose reference darts have displacement vectors 0 , 1 , and 1 . Every stress λ
in Γ is an equilibrium stress, because the forces applied by each edge cancel out. The weighted
Delaunay graph of a single point is identical for all weights, so it suffices to verify that Γ1 is
not an intrinsic Delaunay triangulation. We easily observe that the longest edge of Γ1 is not
Delaunay. See Figure 3.3.

Figure 3.3. A one-vertex triangulation Γ1 on the square flat torus, and a lift of its faces to the universal cover. Every stress
in Γ1 is an equilibrium stress, but Γ1 is not a (weighted) intrinsic Delaunay triangulation.

More generally, for any positive integer q, let Γq denote the q × q covering of G1 . The vertices

of Gq form a regular q × q square toroidal lattice, and the edges of Γq fall into three parallel
 2/q

1/q
1/q
families, with displacement vectors 1/q , 1/q , and 0 . Every positive stress vector where
all parallel edges have equal stress coefficients is an equilibrium stress. We will show that Gq
cannot be coherent; by Theorem 3.5, we conclude that Gq cannot be reciprocal.
For the sake of argument, suppose Γq is coherent. Let i k be any dart with displacement

2/q
vector 1/q , and let j and ` be the vertices before and after j in clockwise order around i. The
local Delaunay determinant test (2.6) implies that the weights of these four vertices satisfy the
inequality πi + πk + 1 < π j + π` . Every vertex of Γq appears in exactly four inequalities of
this form—twice on the left and twice on the right—so summing all q2 such inequalities and
canceling equal terms yields the obvious contradiction 1 < 0.

3.3.2

Equilibrium Implies Reciprocal, Sometimes

Now fix an essentially simple, essentially 3-connected geodesic drawing Γ on the square flat
torus T , along with an equilibrium stress λ for Γ . In this section, we describe simple necessary
and sufficient conditions for λ to be a reciprocal stress for Γ .
More generally, in the case of orthogonal reciprocality, we give necessary and sufficient
conditions under which there is an essentially unique flat torus T M such that a unique scalar
multiple of λ is an orthogonal reciprocal stress for the image of Γ on T M . In the case of parallel
reciprocality, however, we find that λ is a parallel reciprocal stress on T if and only if it is
parallel reciprocal stress on every flat torus. This is is perhaps unsurprising: orthogonality
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relies on the conformal structure of the flat torus T; parallelism is an affine property.
Let ∆ be the 2 × E displacement matrix of Γ , and let Λ be the E × E matrix whose diagonal

entries are Λe,e = λe and whose off-diagonal entries are all 0. The results in this section are
α γ
phrased in terms of the covariance matrix ∆Λ∆ T = γ β , where
α=

X

λe ∆x e2 ,

β=

e

X

λe ∆ye2 ,

γ=

e

X

λe ∆x e ∆ye .

(3.1)

e

Recall that A⊥ = (JA) T .

3.3.2.1

The Square Flat Torus

Before considering arbitrary flat tori, as a warmup we first establish necessary and sufficient
conditions for λ to be a reciprocal stress for Γ on the square flat torus T , in terms of the
parameters α, β, and γ. Although the results are identical for both orthogonal and parallel
reciprocal stresses, the proofs are subtly different; for purposes of completeness we will present
both versions.
Let us first consider the case of orthogonal reciprocal stresses.
Lemma 3.2. If λ is an orthogonal reciprocal stress for Γ on T , then ∆Λ∆ T = I.
Proof. Suppose λ is an orthogonal reciprocal stress for Γ on T . Then there is a geodesic
drawing of the dual graph Γ ∗ on T where e ⊥ e∗ and |e∗ | = λe |e| for every edge e of Γ . Let
∆∗ = (∆Λ)⊥ denote the E × 2 matrix whose rows are the displacement row vectors of Γ ∗ .

Recall from Lemma 2.3 that the first and second rows of ΞΓ describe cocirculations of Γ

with cohomology classes (0, 1) and (−1, 0), respectively. Applying Lemma 2.1 to Γ ∗ implies

0 1
θ ∆∗ = [θ ]∗ for any cocirculation θ in Γ . It follows immediately that ΞΓ ∆∗ = −1
0 = −J.
Because the rows of ∆∗ are the displacement vectors of Γ ∗ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗

=

X
d : tail(d)=u

∆∗d ∗

=

X
d : left(d ∗ )=u∗

∆∗d ∗ = (0, 0) .

(3.2)

It follows that the columns of ∆∗ describe circulations in Γ . Lemma 2.1 now implies that
∆∆∗ = −J. We conclude that ∆Λ∆ T = ∆∆∗ J = I.
Lemma 3.3. Fix an E × 2 matrix ∆∗ . If ΞΓ ∆∗ = −J, then ∆∗ is the displacement matrix of a
geodesic drawing on T that is dual to Γ . Moreover, if that drawing has a positive equilibrium
stress, it is actually an embedding.
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Proof. Let ξ1 and ξ2 denote the rows of ΞΓ . Rewriting the identity ΞΓ ∆∗ = −J in terms of these
P
P
row vectors gives us e ∆∗e λ1,e = (0, 1) = [ξ1 ]∗ and e ∆∗e λ2,e = (−1, 0) = [ξ2 ]∗ . Extending by
P
linearity, we have e ∆∗e θe = [θ ]∗ for every cocirculation θ in Γ ∗ . The result now follows from
Lemma 2.5.
Lemma 3.4. If ∆Λ∆ T = I, then λ is an orthogonal reciprocal stress for Γ on T . If λ is a
positive equilibrium stress, then the orthogonal reciprocal diagram is in fact embedded on T
Proof. Set ∆∗ = (∆Λ)⊥ . Because λ is an equilibrium stress in Γ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗ =

X
v : uv∈E

λuv ∆⊥
= (0, 0) .
u v

(3.3)

It follows that the columns of ∆∗ describe circulations in Γ , and therefore Lemma 2.1 implies
ΞΓ ∆∗ = ∆∆∗ = ∆(∆Λ)⊥ = ∆Λ∆ T J T = −J.

Lemma 3.3 now implies that ∆∗ is the displacement matrix of a drawing Γ ∗ dual to Γ .

Moreover, the stress vector λ∗ defined by λ∗e∗ = 1/λe is an equilibrium stress for Γ ∗ : under this

stress vector, the darts leaving any dual vertex f ∗ are dual to the clockwise boundary cycle of

face f in Γ . Thus if λ is positive, then Γ ∗ is in fact an embedding. By construction, each edge
of Γ ∗ is orthogonal to the corresponding edge of Γ .
Next, we consider the case of parallel reciprocal stresses.
Lemma 3.5. If λ is a parallel reciprocal stress for Γ on T , then ∆Λ∆ T = I.
Proof. Suppose λ is a parallel reciprocal stress for Γ on T . Then there is a geodesic embedding
of the dual graph Γ ∗ on T where e k e∗ and |e∗ | = λe |e| for every edge e of Γ . Let ∆∗ = (∆Λ) T
denote the E × 2 matrix whose rows are the displacement row vectors of Γ ∗ .

Recall from Lemma 2.4 that the first and second rows of ΞΓ describe cocirculations of Γ with

cohomology classes (1, 0) and (0, 1), respectively. Applying Lemma 2.1 to Γ ∗ implies θ ∆∗ = [θ ]∗

for any cocirculation θ in Γ . It follows immediately that ΞΓ ∆∗ = 10 01 = I.
Because the rows of ∆∗ are the displacement vectors of Γ ∗ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗ =

X
d : tail(d)=u

∆∗d ∗ =

X
d:

left(d ∗ )=u∗

∆∗d ∗ = (0, 0) .

(3.4)

It follows that the columns of ∆∗ describe circulations in Γ . Lemma 2.1 now implies that
∆∆∗ = ∆Λ∆ T = I.
Lemma 3.6. Fix an E × 2 matrix ∆∗ . If ΞΓ ∆∗ = I, then ∆∗ is the displacement matrix of a
geodesic drawing on T that is dual to Γ . Moreover, if that drawing has an equilibrium stress,

it is actually an embedding.
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Proof. Let ξ1 and ξ2 denote the rows of ΞΓ . Rewriting the identity ΞΓ ∆∗ = I in terms of these
P
P
row vectors gives us e ∆∗e λ1,e = (1, 0) = [ξ1 ]∗ and e ∆∗e λ2,e = (0, 1) = [ξ2 ]∗ . Extending by
P
linearity, we have e ∆∗e θe = [θ ]∗ for every cocirculation θ in Γ ∗ . The result now follows from
Lemma 2.5.
Lemma 3.7. If ∆Λ∆ T =

1 0
0 1



, then λ is a parallel reciprocal stress for Γ on T .

Proof. Set ∆∗ = (∆Λ) T . Because λ is an equilibrium stress in Γ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗ =

X
v : uv∈E

λuv ∆uT v = (0, 0) .

(3.5)

It follows that the columns of ∆∗ describe circulations in Γ , and therefore Lemma 2.1 implies
ΞΓ ∆∗ = ∆∆∗ = ∆(∆Λ) T = ∆Λ∆ T = I.
Lemma 3.6 now implies that ∆∗ is the displacement matrix of a drawing Γ ∗ dual to Γ .
Moreover, the stress vector λ∗ defined by λ∗e∗ = 1/λe is an equilibrium stress for Γ ∗ : under this

stress vector, the darts leaving any dual vertex f ∗ are dual to the clockwise boundary cycle of
face f in Γ . Thus if λ is positive, then Γ ∗ is in fact an embedding. By construction, each edge

of Γ ∗ is parallel to the corresponding edge of Γ .
In conclusion:
Theorem 3.2. λ is an orthogonal and parallel reciprocal stress for Γ on T if and only if
∆Λ∆ T = I. Moreover, if λ is a positive equilibrium stress, then the corresponding reciprocal
diagrams are in fact embedded on T .

3.3.2.2

Orthogonal Reciprocality

Now we generalize our previous analysis for orthogonal reciprocality to drawings on the flat

torus T M defined by an arbitrary non-singular matrix M = ac db . These results are also stated
in terms of the parameters α, β, and γ, which are still defined in terms of T , which will serve
as a reference flat torus when talking about flat tori defined by different non-singular matrices.
Lemma 3.8. If λ is a reciprocal stress for a geodesic drawing Γ on T M , then αβ − γ2 = 1; in

particular, if M = ac db , then
b2 + d 2
α=
,
ad − bc

a2 + c 2
β=
,
ad − bc

γ=

−(ab + cd)
.
ad − bc

For example, if M = (ρ, σ) where ρ, σ ∈ R2 are column vectors and det M = 1, then ∆Λ∆ T =
σ·σ −ρ·σ 
−ρ·σ ρ·ρ .
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Proof. Suppose λ is a reciprocal stress for Γ on T M . Then there is a geodesic embedding of the
dual graph Γ ∗ on T M where e ⊥ e∗ and |e∗ | = λe |e| for every edge e of Γ .

It will prove convenient to consider the geometry of Γ and Γ ∗ on the reference torus T . (The

drawings of Γ and Γ ∗ on the reference torus T are still dual, but not necessarily reciprocal.)
Let ∆ denote the 2×E reference displacement matrix for Γ , whose columns are the displacement
vectors for Γ on the square torus T . Then the columns of M ∆ are the native displacement
vectors for Γ on the torus T M . Thus, the native displacement row vectors of Γ ∗ are given by
the rows of the E × 2 matrix (M ∆Λ)⊥ . Finally, let ∆∗ = (M ∆Λ)⊥ (M T )−1 denote the reference
displacement row vectors for Γ ∗ on the square torus T . We can rewrite this definition as
∆∗ = (M ∆Λ)⊥ (M T )−1 = (M ∆Λ)⊥ (M −1 ) T = (J M ∆Λ) T (M −1 ) T = Λ∆ T M T J T (M −1 ) T ,

(3.6)

which implies Λ∆ T = ∆∗ M T J(M −1 ) T .
Because the rows of ∆∗ are the displacement vectors for Γ ∗ , equation (3.2) implies that

0 1
the columns of ∆∗ describe circulations in Γ , and therefore ∆∆∗ = ΞΓ ∆∗ = −1
0 = −J by
Lemmas 2.1 and 2.3. We conclude that

∆Λ∆ T = ∆∆∗ M T J(M −1 ) T = J T M T J(M −1 ) T





0 1
a c
0 −1
d −c
1
=
ad − bc −1 0
b d
1 0
−b a




b
d
b −a
1
=
ad − bc
−a −c
d −c


b2 + d 2 −ab − cd
1
=
.
ad − bc
−ab − cd
a2 + c 2
Routine calculation now implies that αβ − γ2 = det ∆Λ∆ T = 1.
Corollary 3.1. If λ is a reciprocal stress for Γ on T M , then M = σR

β −γ
0 1



for some 2×2 rotation

matrix R and some real number σ > 0.
Proof. Reciprocality is preserved by rotating and scaling the fundamental parallelogram ◊ M , so

it suffices to consider the special case M = 0a 1b . In this special case, Lemma 3.8 immediately
implies β = a and γ = −b.
Lemma 3.9. If αβ − γ2 = 1, then λ is a reciprocal stress for Γ on T M where M = σR

β −γ
0 1



for

any 2 × 2 rotation matrix R and any real number σ > 0.

Proof. Suppose αβ − γ2 = 1. Fix an arbitrary 2 × 2 rotation matrix R and an arbitrary real
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number σ > 0, and let M = σR

β −γ
0 1



. Let ∆ denote the 2 × E reference displacement matrix

for Γ on the square flat torus T , and define the E × 2 matrix ∆∗ = (M ∆Λ)⊥ (M T )−1 .

Derivation (3.6) in the proof of Lemma 3.8 implies ∆∗ = Λ∆ T (M −1 J M ) T . We easily observe

that (σR)−1 J(σR) = J, and therefore


M −1 J M =
=

1
β

−1 


β −γ
0 −1
β −γ
0


1

1

1 γ



0 β

0
0 1


0 −1
β −γ
1

0


0







1

1 βγ −1 − γ2
β β2
−βγ


γ −α
=
.
β −γ
=

It follows that

∆∆∗ = ∆Λ∆ T (M −1 J M ) T =

α γ
γ β



γ

β

−α −γ

=

0
γ2 − αβ

αβ − γ2
0


= − J.

Because λ is an equilibrium stress in Γ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗ =

X
v : uv∈E

λuv ∆⊥
(M −1 J M J T ) T = (0, 0) (M −1 J M J T ) T = (0, 0) .
u v

(3.7)

Once again, the columns of ∆∗ describe circulations in Γ , so Lemma 2.1 implies ΞΓ ∆∗ = ∆∆∗ =
−J. Lemma 3.3 now implies that ∆∗ is the displacement matrix of a homotopic embedding of

Γ ∗ on T . It follows that (M ∆Λ)⊥ = ∆∗ M T is the displacement matrix of the image of Γ ∗ on

T M . By construction, each edge of Γ ∗ is orthogonal to its corresponding edge of Γ . We conclude
that λ is a reciprocal stress for Γ .
The preceding lemmas directly imply the following theorem:
Theorem 3.3. Let Γ be a geodesic drawing on T homotopic to an embedding with equilibrium
stress λ. Let α, β, and γ be defined as in Equation (3.1). If αβ − γ2 = 1, then λ is a reciprocal

stress for the image of Γ on T M if and only if M = σR β0 −γ
for any rotation matrix R and any
1
real number σ > 0. On the other hand, if αβ − γ2 6= 1, then λ is not a reciprocal stress for the
image of Γ on any flat torus.
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When λ is positive, then αβ − γ2 =

1
2

P

e,e0

λe λe0

∆x e ∆ye 2
∆x e0 ∆ye0

> 0, so in fact the requirement

αβ − γ = 1 is just a scaling condition: given any positive stress vector λ, the stress vector
p
λ/ αβ − γ2 is a positive stress vector that satisfies said requirement. If λ is non-positive,
2

however, it is possible that αβ − γ2 < 0, in which case no scaling of λ is an orthogonal
reciprocal stress on any flat torus.

3.3.2.3

Example

Let us revisit once more the example drawing Γ from Section 3.2: the symmetric embedding
of K7 on the square flat torus T . Symmetry implies that Γ is in equilibrium with respect to
the uniform stress λ ≡ 1. Straightforward calculation gives us the parameters α = β = 2 and
γ = 1 for this stress vector. Thus, Lemma 3.2 immediately implies that λ is not a reciprocal

stress for Γ ; rather, by Lemma 3.12, the force diagram of Γ with respect to λ lies on the torus


β −γ
2
2 −1
=
T M , where M = −γ
α
−1 2 . Moreover, because αβ − γ = 3 6= 1, Lemma 3.8 implies
that λ is not an orthogonal reciprocal stress for the image of Γ on any flat torus. In short, there

are no orthogonal reciprocal embeddings of Γ and Γ ∗ on any flat torus such that corresponding
primal and dual edges have equal length.

p
p
Now consider the scaled uniform stress λ ≡ 1/ 3, which has parameters α = β = 2/ 3
p
and γ = 1/ 3. This new stress λ is still not an orthogonal reciprocal stress for Γ ; however, it
does satisfy the scaling constraint αβ − γ2 = 1. Lemma 3.8 (also Lemma 3.14) implies that λ is

−1
an orthogonal reciprocal stress for the image of Γ on the flat torus T M , where M = p13 20 p
3 .
The fundamental parallelogram ◊ M is the union of two equilateral triangles with height 1. Not
surprisingly, the image of Γ on T M is a Delaunay triangulation with equilateral triangle faces,
and the faces of the reciprocal Voronoi diagram Γ ∗ (which is also the force diagram) are regular
p
hexagons. Finally, the vector λ∗ ≡ 3 is a reciprocal stress, and therefore an equilibrium stress,

for Γ ∗ . See Figure 3.4.

!⌘

!⇤ ⌘

p�
�

p

�

p
Figure 3.4. A seven-vertex Delaunay triangulation and its dual Voronoi diagram, induced by the uniform stress 1/ 3;
compare with Figures 3.1 and 3.2.
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Let us now consider a stress vector on Γ that is not strictly positive. Assigning the edges of
slope 3 a stress of 2, the edges of slope 2/3 a stress of −1, and the edges of slope −1/2 a stress

of 3, we can verify that this indeed induces an equilibrium stress, and furthermore αβ −γ2 = 1,

so we can find a 2 × 2 matrix M such that the image of Γ on T M has an orthogonal reciprocal

diagram. However, this orthogonal reciprocal diagram has coincident vertices and overlapping
edges and self-intersecting faces; see Figure 3.6.
–1

3

2
–1

3
–1

2

3
–1

2

3
–1

3
2

2
–1

3
–1

2

2

3

Figure 3.5. The symmetric embedding of K7 with weights −1, 2, and 3.

(a)

(b)

Figure 3.6. (a) The reciprocal diagram of the image of K7 on T M . Overlapping vertices and edges are drawn as being
distinct, but vertices close to and pointing to each other actually occupy the same position. (b) One of the faces of the
reciprocal diagram.

If we instead assign the edges of slope 3 and 2/3 a stress of 1, and the edges of slope −1/2

a stress of −1, then this is an equilibrium stress, but αβ − γ2 = −1, so no scaling of this stress

vector can be an orthogonal reciprocal stress for Γ on any flat torus.

3.3.2.4

Parallel Reciprocality

Now we consider parallel reciprocality on the flat torus T M defined by an arbitrary non
singular matrix M = ac db . As with the case of orthogonal reciprocality, these results are
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stated in terms of the parameters α, β, and γ, which are still defined in terms of T , which
will serve as a reference flat torus when talking about flat tori defined by different non-singular
matrices.
Lemma 3.10. If λ is a parallel reciprocal stress for a geodesic graph Γ on T M for some nonsingular matrix M , then ∆Λ∆ T = I.
Proof. Suppose λ is a parallel reciprocal stress for Γ on T M . Then there is a geodesic drawing
of the dual graph Γ ∗ on T M where e k e∗ and |e∗ | = λe |e| for every edge e of Γ .

We will consider the geometry of Γ and Γ ∗ on the reference torus T . (The drawings of Γ and

Γ ∗ on the reference torus T are still dual, but not necessarily reciprocal.) Let ∆ denote the
2 × E reference displacement matrix for Γ , whose columns are the displacement vectors for Γ
on the square torus T . Then the columns of M ∆ are the native displacement vectors for Γ
on the torus T M . Thus, the native displacement row vectors of Γ ∗ are given by the rows of the
E × 2 matrix (M ∆Λ) T . Finally, let ∆∗ = (M ∆Λ) T (M T )−1 denote the reference displacement

row vectors for Γ ∗ on the square torus T . We can rewrite this definition as
∆∗ = (M ∆Λ) T (M T )−1
= Λ∆ T M T (M T )−1

(3.8)

= Λ∆ T .
Because the rows of ∆∗ are the displacement vectors for Γ ∗ , equation (3.4) implies that the

columns of ∆∗ describe circulations in Γ , and therefore ∆∆∗ = Λ∆∗ = 10 01 = I by Lemmas 2.1
and 2.4. We conclude that ∆Λ∆ T = ∆∆∗ = I.
Lemma 3.11. If ∆Λ∆ T = I, then λ is a parallel reciprocal stress for Γ on T M where M is any
non-singular 2 × 2 matrix. Moreover, if λ is a positive equilibrium stress, then the reciprocal
diagram is embedded on T M .

Proof. Suppose ∆Λ∆ T = I. Fix an arbitrary 2 × 2 non-singular matrix M . Let ∆ denote the

2 × E reference displacement matrix for Γ on the square flat torus T , and define the E × 2
matrix ∆∗ = (M ∆Λ) T (M T )−1 .

Derivation (3.8) in the proof of Lemma 3.10 implies ∆∗ = Λ∆ T . It follows that
∆∆∗ = ∆Λ∆ T = I.
Because λ is an equilibrium stress in Γ , for every vertex p of Γ we have
X
v : uv∈E

∆∗(u v)∗ =

X
v : uv∈E
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λuv ∆uT v = (0, 0) .

(3.9)

Once again, the columns of ∆∗ describe circulations in Γ , so Lemma 2.1 implies Λ∆∗ = ∆∆∗ = I.
Lemma 3.6 now implies that ∆∗ is the displacement matrix of a homotopic drawing of Γ ∗ on T ,
and if λ is positive, said drawing is in fact an embedding. It follows that (M ∆Λ) T = ∆∗ M T is
the displacement matrix of the image of Γ ∗ on T M . By construction, each edge of Γ ∗ is parallel
to its corresponding edge of Γ . We conclude that λ is a parallel reciprocal stress for Γ .
The preceding lemmas directly imply the following theorem:
Theorem 3.4. Let Γ be a geodesic graph on T with an equilibrium stress λ. If ∆Λ∆ T = I,
then λ is a parallel reciprocal stress for the image of Γ on T M for any non-singular matrix
M ; furthermore, if λ is a positive equilibrium stress, then the parallel reciprocal diagram is
embedded on T M . On the other hand, if ∆Λ∆ T 6= I, then λ is not a parallel reciprocal stress
for the image of Γ on any flat torus.

3.3.2.5

Example

Once again consider the symmetric embedding of K7 on the square flat torus T shown in
Figure 3.2. Recall that symmetry implies that Γ is in equilibrium with respect to the uniform

stress λ ≡ 1. Straightforward calculation gives us ∆Λ∆ T = 21 12 for this stress vector. Thus,
Lemma 3.5 immediately implies that λ is not a parallel reciprocal stress for Γ . (We will see
later on that Lemma 3.12 implies that the parallel force diagram of Γ with respect to λ lies on

the torus T M , where M = ∆Λ∆ T = 21 12 .)
p
Recall that the scaled uniform stress λ0 ≡ 1/ 3 is an orthogonal reciprocal stress for Γ on

−1
the flat torus T M where M = p13 20 p
3 . On the other hand, Theorem 3.4 implies that λ ≡ 1

and its scalings are never parallel reciprocal stresses.

3.3.3

Force Diagrams

The results of the previous section have a more physical interpretation that may be more
intuitive. We begin once again on the unit square flat torus T .
Let Γ be any geodesic drawing on the unit square flat torus T . Recall from Section 3.2
that any equilibrium stress λ on Γ induces a equilibrium stress on its universal cover e
Γ , which
in turn induces an orthogonal (parallel) reciprocal diagram (e
Γ )∗ by the classical Maxwell–
Cremona correspondence. This infinite planar drawing (e
Γ )∗ is doubly-periodic, but in general
with a different period lattice from the universal cover e
Γ.
Said differently, we can always construct another geodesic toroidal drawing F that is combinatorially dual to Γ , such that for every edge e of Γ , the corresponding edge e∗ of F is orthogonal
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(parallel) to e and has length λe · |e|; however, this torus graph F does not necessarily lie on

the square flat torus. (By construction, F is the unique torus graph whose universal cover is
(e
Γ )∗ , the orthogonal (parallel) reciprocal diagram of the universal cover of Γ .) We call F the
orthogonal (parallel) force diagram of Γ with respect to λ. The force diagram F lies on the
same flat torus T as Γ if and only if λ is an orthogonal (parallel) reciprocal stress for Γ .
Lemma 3.12. Let Γ be a geodesic drawing in T , and let λ be an equilibrium stress for
Γ . The orthogonal force diagram of Γ with respect to λ lies on the flat torus T M , where

β −γ
M = −γ
= J∆Λ∆ T J T .
α
Proof. As usual, let ∆ be the displacement matrix of Γ . Let ∆∗ denote the displacement matrix
of the force diagram F ; by definition, we have ∆∗ = (∆Λ)⊥ = Λ∆ T J T . Equation (3.3) implies
that the columns of ∆∗ are circulations in Γ . Thus, Lemma 2.1 implies that ΞΓ ∆∗ = ∆∆∗ =
∆Λ∆ T J T .
Set M = J∆∆∗ = J∆Λ∆ T J T =

β −γ
−γ α



. We immediately have ΞΓ ∆∗ = J −1 M = −J M =

−J M T and therefore ΞΓ ∆∗ (M T )−1 = −J. Lemma 3.3 implies that ∆∗ (M T )−1 is the displacement
matrix of a homotopic embedding of Γ ∗ on T . It follows that ∆∗ is the displacement matrix of
the image of Γ ∗ on T M . We conclude that F is a translation of the image of Γ ∗ on T M .
Lemma 3.12 thus provides an intuitive geometric picture for why Theorem 3.2 is true; see
Figure 3.7.

Figure 3.7. How the values α, β, γ independently affect the shape of orthogonal force diagram’s native flat torus.

Lemma 3.13. Let Γ be a geodesic drawing in T , and let λ be a positive equilibrium stress for Γ .
The parallel force diagram of Γ with respect to λ lies on the flat torus T M , where M = ∆Λ∆ T .
Proof. As usual, let ∆ be the displacement matrix of Γ . Let ∆∗ denote the displacement matrix
of the force diagram F ; by definition, we have ∆∗ = (∆Λ) T = Λ∆ T . Equation (3.5) implies that
the columns of ∆∗ are circulations in Γ . Thus, Lemma 2.1 implies that Λ∆∗ = ∆∆∗ = ∆Λ∆ T .
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Set M = ∆∆∗ = ∆Λ∆ T . We immediately have Λ∆∗ = M = M T and therefore Λ∆∗ (M T )−1 =
I. Lemma 3.6 implies that ∆∗ (M T )−1 is the displacement matrix of a homotopic embedding of
G ∗ on T . It follows that ∆∗ is the displacement matrix of the image of G ∗ on T M . We conclude
that F is a translation of the image of G ∗ on T M .
We will now extend these results to other flat tori. As before, we start with orthogonal force
diagrams.
Lemma 3.14. Let Γ be a geodesic drawing on T M homotopic to an embedding, and let λ be
a equilibrium stress for Γ . The force diagram of Γ with respect to λ lies on the flat torus TN ,
where N = J M ∆Λ∆ T J T .
Proof. We argue exactly as in the proof of Lemma 3.12. Let ∆ be the reference displacement
matrix of (the image of) Γ on T . Then the native displacement matrix of the force diagram is
∆∗ = (M ∆Λ)⊥ = Λ∆ T M T J T . Equation (3.7) and Lemma 2.1 imply that ΞΓ ∆∗ = ∆Λ∆ T M T J T .
Now let N = J M ∆Λ∆ T J T . We immediately have J −1 N T = ΞΓ ∆∗ and thus ΞΓ ∆∗ (N T )−1 =
J −1 = −J. Lemma 3.3 implies that ∆∗ (N T )−1 is the displacement matrix of a homotopic

embedding of Γ ∗ on T . It follows that ∆∗ is the displacement matrix of the image of Γ ∗
on TN .

Furthermore, when λ is positive, the force diagram is embedded on TN , and every face of
the force diagram is a convex polygon; if λ is not necessarily positive, then the force diagram
still lies on TN , but is not necessarily embedded, and faces may self-intersect.
We conclude by analyzing parallel force diagrams.
Lemma 3.15. Let Γ be a geodesic graph on T M , and let λ be a positive equilibrium stress for Γ .
The parallel force diagram of Γ with respect to λ lies on the flat torus TN , where N = M ∆Λ∆ T .
Proof. We argue exactly as in the proof of Lemma 3.13. Let ∆ be the reference displacement
matrix of (the image of) Γ on T . Then the native displacement matrix of the force diagram is
∆∗ = (M ∆Λ) T = Λ∆ T M T . Equation (3.9) and Lemma 2.1 imply that Λ∆∗ = ∆Λ∆ T M T .
Now let N = M ∆Λ∆ T .

We immediately have N T = Λ∆∗ and thus Λ∆∗ (N T )−1 = I.

Lemma 3.6 implies that ∆∗ (N T )−1 is the displacement matrix of a homotopic drawing of
Γ ∗ on T . It follows that ∆∗ is the displacement matrix of the image of Γ ∗ on TN .

3.4

...and Delaunay too

Unlike in the previous section, the equivalence between embeddings with orthogonal reciprocal diagrams and coherent embeddings generalizes fully from the plane to the torus. However,
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there is an important difference from the planar setting. In both the plane and the torus, every
translation of a reciprocal diagram is another reciprocal diagram. For a coherent plane graph
Γ , every orthogonal reciprocal diagram is a weighted Voronoi diagram of the vertices of Γ , but
exactly one orthogonal reciprocal diagram of a coherent geodesic embedding Γ is a weighted
Voronoi diagram of the vertices of Γ . Said differently, every coherent plane graph is a weighted
Delaunay graph with respect to a three-dimensional space of vertex weights, which correspond
to translations of any convex polyhedral lifting, but every coherent torus graph is a weighted
Delaunay graph with respect to only a one-dimensional space of vertex weights.

3.4.1

Notation

Fix a 2 × 2 matrix M with columns ξ, ζ and det M > 0, and consider a geodesic embedding
Γ on T M . We primarily work with the universal cover e
Γ of Γ ; if we are given a reciprocal
embedding Γ ∗ , we also work with its universal cover e
Γ ∗ (which is reciprocal to e
Γ ).
In this section, we will conflate vertices with their coordinates, and thus treat vertices in e
Γ
as column vectors in R2 .
A generic face in e
Γ is denoted by the letter f ; the corresponding dual vertex in e
Γ ∗ is denoted
f ∗ and interpreted as a row vector. To avoid nested subscripts when darts are indexed, we write
∆i = ∆di and λi = λdi , and therefore by Lemma 3.1, ∆∗i = λi ∆⊥
. For any integers a and b, the
i
translation u+aξ+ bζ of any vertex u of e
Γ is another vertex of e
Γ , and the translation f +aξ+ bζ
of any face f of e
Γ is another face of e
Γ . It follows that ( f + aξ + bζ)∗ = f ∗ + aξ T + bζ T .

3.4.2

Results

The following lemma follows directly from the definitions of weighted Delaunay graphs and
their dual weighted Voronoi diagrams; see, for example, Aurenhammer [19, 21].
Lemma 3.16. Let Γ be a weighted Delaunay graph on some flat torus T M , and let Γ ∗ be the
corresponding weighted Voronoi diagram on T. Every edge e of Γ is orthogonal to its dual e∗ .
In short, every coherent geodesic embedding is orthogonal reciprocal.
The converse of this lemma is false; unlike in the plane, an orthogonal reciprocal diagram Γ ∗
for a geodesic embedding Γ is not necessarily a weighted Voronoi diagram of the vertices of Γ .
Rather, as we describe below, a unique translation of Γ ∗ is such a weighted Voronoi diagram.
Maxwell’s theorem implies a convex polyhedral lifting z : R2 → R of the universal cover e
Γ

of Γ , where the gradient vector ∇z| f within any face f is equal to the coordinate vector of the
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dual vertex f ∗ in e
Γ ∗ . To make this lifting unique, we fix a vertex o of e
Γ to lie at the origin

0
0



,

and we require z(o) = 0.
Define the weight of each vertex u ∈ e
Γ as
πu := 12 |u|2 − z(u).

(3.10)

By definition, πo = 0. The determinant conditions (2.6) and (2.7) for an edge e to be locally
Delaunay are both equivalent to interpreting 12 |p|2 −πu as a z-coordinate and requiring that the

induced lifting be locally convex at e. Because z is a convex polyhedral lifting, these weights
establish that e
Γ is the intrinsic weighted Delaunay graph of its vertex set.
Translating the universal cover e
Γ ∗ of the orthogonal reciprocal graph Γ ∗ adds a global linear
term to the lifting function z, and therefore to the Delaunay weights πu . The main result of this
section is that there is a unique translation such that the corresponding Delaunay weights πu
are periodic.
To compute z(q) for any point q ∈ R2 , we choose an arbitrary face f of e
Γ that contains q and

identify the equation z| f (q) = ηq + c of the plane through the lift of f , where η ∈ R2 is a row

vector and c ∈ R. Borcea and Streinu [38] give a calculation for η and c, which for our setting
can be written as follows:

Lemma 3.17 (Borcea and Streinu [38, Eq. 7]). For q ∈ R2 , let f be a face containing q. The

function z| f can be explicitly computed as follows:
• Pick an arbitrary root face f0 incident to o.

• Pick an arbitrary path from f0∗ to f ∗ in e
Γ ∗ , and let d1∗ , . . . , d`∗ be the dual darts along
P`
P`
this path. By definition, we have f ∗ = f0∗ + i=1 ∆∗i . Set C( f ) = i=1 λi |ui vi |, where
di : ui  vi and |ui vi | = det (ui , vi ).

• Set η = f ∗ and c = C( f ), implying that z| f (q) = f ∗ q + C( f ). In particular, C( f ) is the
intersection of this plane with the z-axis.
Orthogonal reciprocality of e
Γ ∗ implies that the actual choice of root face f0∗ and the path
to f ∗ do not matter. We use this explicit computation to establish the existence of a translation
of Γ ∗ such that πo = πu = π v = 0. We then show that after this translation, every lift of the
same vertex of Γ has the same Delaunay weight.
Lemma 3.18. There is a unique translation of e
Γ ∗ such that πo = πξ = πζ = 0. Specifically, this
translation places the dual vertex of the root face f0 at the point


f0∗ = − 21 |ξ|2 , |ζ|2 − (C( f0 + ξ), C( f0 + ζ)) M −1 .
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Proof. Lemma 3.17 implies that
z(u) = ( f0 + ξ)∗ ξ + C( f0 + ξ) = f0∗ ξ + |ξ|2 + C( f0 + ξ),
and by definition, πξ = 0 if and only if z(ξ) = 12 |ξ|2 . Thus, πξ = 0 if and only if f0∗ ξ = − 12 |ξ|2 −
C( f0 + ξ). A symmetric argument implies πζ = 0 if and only if f0∗ ζ = − 21 |ζ|2 − C( f0 + ζ).

Lemma 3.19. If πo = πξ = πζ = 0, then πu = πu+ξ = πu+ζ for all u ∈ V (e
Γ ). In other words, all
lifts of any vertex of Γ have equal weight.

Proof. Let f be any face incident to p, and let P = d1∗ , . . . , d`∗ be an arbitrary path from f0∗ to
f ∗ in e
Γ ∗ . We compute C( f + ξ) by traversing an arbitrary path from f ∗ to ( f0 + ξ)∗ = f ∗ + ξ T
0

followed by the translated path P + ξ from f0∗ + ξ T to f ∗ + ξ T . Thus
P`
P`
C( f0 + ξ) + i=1 λi |(ui + ξ) (vi + ξ)|, and f ∗ = f0∗ + i=1 ∆∗i . We
C( f + ξ) = C( f0 + ξ) +

X̀
i=1

= C( f0 + ξ) +

X̀
i=1

λi |ui vi | −
X̀

thus have

X̀

∆∗i ξ

i=1

∆∗i ξ

i=1

= − 21 |ξ|2 − f0∗ ξ + C( f ) −
=

by Lemma 3.17, C( f + ξ) =

λi |(ui + ξ) (vi + ξ)|

= C( f0 + ξ) + C( f ) −

− 12 |ξ|2

0

X̀

∆∗i ξ

i=1

∗

− f ξ + C( f ).

It follows that

πu+ξ = 12 |u + ξ|2 − z(u + ξ)


= 12 |u + ξ|2 − C( f + ξ) + ( f ∗ + ξ T )(u + ξ)

= 12 |u + ξ|2 − − 12 |ξ|2 − f ∗ ξ + C( f ) + f ∗ u + f ∗ ξ + ξ T u + |ξ|2
= 21 |u + ξ|2 − z(u) − 12 |ξ|2 − ξ T u

= 12 |u|2 + 12 |ξ|2 + ξ T u − z(u) − 21 |ξ|2 − ξ T u
= 12 |u|2 − z(u)
= πu .
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A similar computation implies πu+ζ = πu .
Projecting from the universal cover back to the torus, we obtain weights for the vertices of Γ ,
with respect to which Γ is an intrinsic weighted Delaunay complex, and a unique translation
of Γ ∗ that is the corresponding intrinsic weighted Voronoi diagram. Moreover, these Delaunay
vertex weights are unique if we fix the weight of an arbitrary vertex of Γ to be 0.
Theorem 3.5. Let Γ and Γ ∗ be orthogonal reciprocal embeddings on some flat torus T M . Then
Γ is a weighted Delaunay complex, and a unique translation of Γ ∗ is the corresponding weighted
Voronoi diagram. In short, every reciprocal embedding is coherent.

3.5

Application: A Toroidal Steinitz Theorem

In light of the results of the previous section, Theorem 2.3 and Theorem 3.3 immediately
imply a natural generalization of Steinitz’s theorem to graphs on the flat torus.
Theorem 3.6. Let Γ be any essentially simple, essentially 3-connected embedded graph on the
square flat torus T , and let λ be any positive symmetric stress on the edges of Γ . Then Γ is
homotopic to a geodesic embedding in T whose image in some flat torus T M is coherent.
As we mentioned above, Mohar’s generalization [163] of the Koebe-Andreev-Thurston circle
packing theorem already implies that every essentially simple, essentially 3-connected torus
graph Γ is homotopic to one coherent homotopic embedding on one flat torus. In contrast,
our results characterize all coherent homotopic embeddings of Γ on all flat tori. Every positive
stress vector λ ∈ R E corresponds to an essentially unique coherent homotopic embedding of

Γ , which is unique up to translation, on a flat torus T M , which is unique up to similarity of
the fundamental parallelogram ◊ M . On the other hand, Lemmas 3.1 and 3.16 imply that every
coherent embedding of Γ on every flat torus corresponds to a unique positive equilibrium stress.
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Chapter 4

Toroidal Morphing via Collapsing Edges
In this chapter, we consider the problem of computing morphs between two isotopic embeddings of the same graph on the same flat torus.
Recall that, for the sake of convenience, we will assume that we are working on the square
flat torus T ; the algorithms we describe will apply to any other flat torus T M via linear
transformation of the coordinates. Moreover, in light of the normalization algorithm described
in Section 2.8, we assume that the inputs to our problem are specified by coordinates that have
been normalized to have the same translation vectors.
Cairns [44, 45] was the first to prove the existence of morphs between arbitrary isomorphic
straight-line triangulations. Cairns’ approach used an inductive argument based on the idea
of collapsing low-degree vertices to their neighbors. Our goal is to generalize Cairns’ edgecollapse method [44] to the flat torus. To the best of our knowledge, even existence of such
morphs was previously unknown.
Cairns starts by computing a pseudomorph between triangulations, in which edges remain
geodesics, but vertices are allowed to become coincident (though edges may not cross and
faces cannot flip orientation); the bulk of this chapter will be devoted to explaining how to
extend this approach to the flat torus. We will also later see how to use this to obtain morphs
between more general embeddings.

4.1

Direct Collapses and Cairns’ Pseudomorph

Given a simple polygon P, the visibility kernel of P is the set of all points in P that can “see”
all of P; more formally, the visibility kernel is {p ∈ P | pq ⊆ P for all q ∈ P}. Call a vertex u

good if the visibility kernel of u’s link contains one of u’s neighbors, say, v. Suppose we move u
along the edge connecting u to v until u and v coincide, keeping all other vertices fixed. This
motion, which we call a direct collapse, is trivially a unidirectional linear pseudomorph.
Cairns observed that for every n-gon for n ≤ 5, its visibility kernel contains one of its vertices.

Euler’s formula V − E + F = 2 implies that for any planar graph, the average degree of a vertex

is strictly less than 6; in short, every planar graph has a vertex of degree at most 5. The happy
coincidence of two observations results allowed Cairns to devise a pseudomorph between two
planar triangulations by repeatedly applying direct collapses.
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If u can be directly collapsed to the same neighbor v in both Γ0 and Γ1 , then performing this
operation results in two isotopic embeddings of a graph with one fewer vertex. Hence one can
recursively compute a pseudomorph ψn−1 , and then produce a pseudomorph ψn between Γ0
and Γ1 consisting of first directly collapsing u to v in Γ0 , performing the pseudomorph ψn−1 ,
and then reversing a direct collapse to reobtain Γ1 . It is possible, however, that u is collapsible
to one neighbor v in Γ0 , and a different neighbor w in Γ1 . Cairns observed that there exists an
intermediate isotopic embedding Γ∗ in which u can be collapsed to both v and w (for example,
we can set Γ∗ to be the Tutte embedding corresponding to the all-1s vector). Thus we can

compute a pseudomorph between Γ0 and Γ1 by first computing Γ∗ and then recursing twice.
The result is a pseudomorph consisting of O(2n ) steps.

When attempting to adapt Cairns’ method to the torus, we immediately run into a major
roadblock. l’Huilier’s generalization [144] of Euler’s formula implies that for a torus graph, the
average degree of a vertex is exactly 6, so it is possible that the link of every vertex is a hexagon.
And whereas n-gons for n ≤ 5 were guaranteed to have a vertex in the visibility kernel, there

exist simple examples of hexagons that fail to have this property; see Figure 4.1. Thus we will
need to figure out how to handle 6-regular torus triangulations in order to move forward.

Figure 4.1. Three bad hexagons. Visibility kernels are shaded in blue; the third visibility kernel is empty.

4.2

Zippers

Even if the original input triangulations Γ0 and Γ1 are simple, collapsing edges eventually
reduces them to triangulations with parallel edges and loops. Every loop in a geodesic toroidal
triangulation is a closed geodesic. A zipper is a torus graph in which every vertex is incident to a
loop. (This class of graphs were previously considered by Gonçalves and Lévêque [108, Fig. 44].)
We will see in Lemma 4.2 that every 6-regular triangulation with a loop is a zipper.
Consider any zipper Z with n vertices, for some positive integer n. If n = 1, then Z consists
of a single vertex, three loop edges, and two triangular faces. Otherwise, the loops in Z are
disjoint closed geodesics, so they must be parallel. It follows that each vertex of Z is incident
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Figure 4.2. A five-vertex zipper. Doubled red edges are loops.

to exactly one loop. In either case, the n loops in Z decompose the torus into n annuli, each of
which is decomposed into two triangles by two boundary-to-boundary edges. Figure 2.3 shows
three two-vertex zippers, and Figure 4.2 shows a zipper with five vertices.

4.2.1

Structure

The following results will motivate our eventual choice of zippers as the base case of our
generalization of Cairns’ recursive pseudomorph.
Lemma 4.1. In every geodesic toroidal triangulation, every vertex incident to a loop has degree
at least 6.
Proof. Let Γ be a geodesic toroidal triangulation, let v be a vertex of Γ incident to a loop, let
d0 be either of the darts of that loop.
Let ∂ f denote the clockwise facial walk around the face f to the right of d0 . Because the
interior of f is an open disk, ∂ f is contractible. Because Γ is a triangulation, ∂ f consists of
exactly three darts d0 , d1 , and d2 , where head(di ) = tail(di+1 mod 3 ) for each index i. Because
Γ is a geodesic triangulation, every face is incident to three distinct edges. It follows that
d2 6= rev(d1 ).

Symmetrically, the counterclockwise walk around the face to the left of d0 consists of three

darts d0 , d10 , d20 , where d20 6= rev(d10 ). Thus, at least six distinct darts head into v: in counterclockwise cyclic order, d0 , rev(d1 ), d2 , rev(d0 ), d20 , rev(d10 ).1

Lemma 4.2. Every 6-regular triangulation that contains a loop is a zipper.
Proof. Again, let Γ be a 6-regular triangulation, and let v be a vertex of Γ incident to a loop
`. The previous proof implies that v is incident to two edges on either side of `. Let e and
e0 be the edges incident to v on one side of `; the edges `, e, and e0 enclose a triangular face
f . Thus, e and e0 share another common endpoint w. (Except in the trivial case where Γ has
If v is the only vertex of Γ , then d20 = d1 and d10 = d2 , and thus v is incident to only three distinct edges, which
are all loops. Otherwise, v is incident to at least five distinct edges, only one of which is a loop.
1
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Figure 4.3. (a) Proof of Lemma 4.1. (b) Proof of Lemma 4.2

only one vertex, v and w are distinct.) Because e and e0 are adjacent in cyclic order around v,
there is another triangular face f 0 with e and e0 on its boundary; the third edge of f 0 is a loop
through w. The lemma now follows by induction.
Corollary 4.1. Every triangulation that contains a loop but is not a zipper contains a vertex of
degree at most 5 that is not incident to a loop.

4.2.2

Morphing Zippers

We next describe a straightforward approach to morphing between arbitrary isotopic zippers,
which requires at most two unidirectional linear morphing steps.
Let Z and Z 0 be arbitrary isotopic zippers with n vertices. If n = 1, then Z and Z 0 differ only
by translation, so assume otherwise. Ladegaillerie [138–140] proved that two embeddings of
the same graph G on the same surface are isotopic if and only if the images of any cycle in G
in both embeddings are homotopic. Two geodesic loops on the flat torus are homotopic if and
only if they are parallel. Thus, Ladegaillerie’s theorem implies that the loops in Z and Z 0 are
all parallel to a common vector σ.
In the first unidirectional morphing step, we translate all vertices in Z along geodesics
orthogonal to σ until each loop has the same image as the corresponding loop in Z 0 . Then in
the second unidirectional morphing step, we translate all vertices along their respective loops
to move all vertices and edges to their proper positions in Z 0 . See Figure 4.4 for an example.
In both stages, Lemma 4.3 implies that linear interpolation between the old and new vertex
coordinates yields an isotopy.
Lemma 4.3. Let p0 p1 , q0 q1 , and r0 r1 be arbitrary parallel segments in the plane. For all real
0 ≤ t ≤ 1, define p t = (1 − t)p0 + t p1 and q t = (1 − t)q0 + tq1 and r t = (1 − t)r0 + t r1 . If the
triples p0 , q0 , r0 and p1 , q1 , r1 are oriented counterclockwise, then for all 0 ≤ t ≤ 1, the triple
p t , q t , r t is also oriented counterclockwise.
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Figure 4.4. Morphing one zipper into another. Doubled red edges are loops.

Proof. Without loss of generality, assume that segments p0 p1 , q0 q1 , and r0 r1 are horizontal.
Thus, we can write p t = (px t , p y), and similarly for q t and r t . The triple p t , q t , r t is oriented
counterclockwise if and only if the following determinant is positive:
1 px t

py

∆(t) := 1 qx t

qy

1 r xt

ry

Routine calculation implies
1 (1 − t) px 0 + t px 1 p y

∆(t) = 1 (1 − t) qx 0 + t qx 1 q y
1 (1 − t) r x 0 + t r x 1
1 px 0 p y

ry

1 px 1 p y

= (1 − t) 1 qx 0 q y + t 1 qx 1 q y
1 r x0

ry

1 r x1

ry

= (1 − t) · ∆(0) + t · ∆(1)
Thus, the function ∆(t) has exactly one real root. It follows that if ∆(0) > 0 and ∆(1) > 0,
then ∆(t) > 0 for all 0 ≤ t ≤ 1.

4.3

Cats and Dogs

In this section, we consider the case of 6-regular triangulations where no vertex is incident
to a loop. In essence, we will show that every geodesic toroidal triangulation without loops
has a directly collapsible edge.
Recall that the visibility kernel of a simple polygon P is the set of all points in P that can
“see” all of P; more formally, the visibility kernel is {p ∈ P | pq ⊆ P for all q ∈ P}. The visibility
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kernel is always convex. If P is the link of a vertex v in a geodesic triangulation, then v must
lie in the visibility kernel of P. We call a simple polygon good if its visibility kernel contains
a vertex of the polygon, and bad otherwise. All triangles, quadrilaterals, and pentagons are
good [44], but some hexagons are bad; Figure 4.1 shows several examples.
Formally, a vertex u of a geodesic toroidal triangulation is good if it is not incident to a loop,
and the link of any (and thus every) lift ũ of u in e
Γ is good, and bad otherwise. A good vertex
can be safely collapsed to any neighbor in the visibility kernel of its link. Finally, a geodesic
toroidal triangulation Γ with no loops is good if it contains at least one good vertex, and bad
otherwise. The main result of this section is that bad triangulations do not exist; that is, every
geodesic triangulation without loops is good.
Lemma 4.4. Every bad triangulation is 6-regular.
Proof. Every vertex in a bad triangulation must have degree at least 6, because every vertex
with degree at most 5 is good [44]. On the other hand, Euler’s formula for the torus implies
that the average degree is exactly 6.
The following analysis of 6-regular triangulations without loops implicitly assumes that the
vertices are in general position. Specifically, for every vertex ṽ in the universal cover, we assume
that (1) no pair of edges incident to ṽ are collinear, and (2) no edge of the link of ṽ is collinear
with another vertex of that link. Because the underlying triangulation has no loops, each
nondegeneracy condition involves at least two distinct vertices of the torus triangulation, so
we can enforce these conditions if necessary by perturbing the vertices.
Lemma 4.5. In every bad triangulation, the link of each vertex has exactly two reflex vertices.
Proof. If a simple polygon is convex or has exactly one reflex vertex, then it is good: the
visibility kernel of a convex polygon is the polygon itself, and if there is exactly one reflex
vertex, then the reflex vertex is in the visibility kernel. So each link in a bad triangulation has
at least two reflex vertices. We argue next that the average number of reflex vertices per link
is at most two, which implies that every link has exactly two reflex vertices.
Let Γ be any (not necessarily bad) 6-regular geodesic triangulation. A corner of a vertex v
in Γ is the angle between two edges that are adjacent in cyclic order around v. If v is a vertex
of the link of another vertex x, then the link of x contains exactly two adjacent corners of v.
Moreover, if v is a reflex vertex of the link of x, those two corners sum to more than half a
circle.
Thus, if v is reflex in the link of two neighbors x and y, the links of x and y must share
a corner of v, which implies that edges v x and v y are adjacent in cyclic order around v; see
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Figure 4.5. If v were reflex in the links of three neighbors x, y, and z, then all three edge pairs
v x, v y and v x, vz and v y, vz would be adjacent around v, which is impossible because v has
degree 6.

v

x

y

Figure 4.5. Each vertex in a 6-regular triangulation is reflex in at most two links

We conclude that each vertex in Γ is a reflex vertex of the links of at most two other vertices.
It follows that the average number of reflex vertices in a link is at most two, which completes
the proof.
Lemma 4.6. A bad hexagon with two reflex vertices separated by two convex vertices has an
empty visibility kernel, and thus is not the link of any vertex.
Proof. Consider a bad hexagon P whose reflex vertices are separated by two convex vertices.
Label the vertices a through f in cyclic order such that c and f are the reflex vertices, as shown
in Figure 4.6.
b

a
f

c
d

e

Figure 4.6. A hexagon with two reflex vertices that are separated by two convex vertices. The dashed diagonal splits the
hexagon into two non-convex quadrilaterals with disjoint visibility kernels.

Because P is bad, neither c nor f lies in its visibility kernel. Vertex c can see vertices b, d,
and f , so it cannot see both a and e. Without loss of generality, suppose c cannot see a. Then
f is a reflex vertex of the quadrilateral abc f . Every quadrilateral has at most one reflex vertex,
and that reflex vertex is in the visibility kernel, so f can see b. It follows that f cannot see d,
and c is a reflex vertex of the quadrilateral cde f .
The visibility kernels of quadrilaterals abc f and cde f are disjoint, which implies that the
visibility kernel of P is empty.
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For the remainder of the proof, we annotate the edges of any triangulation as follows. The
star of an edge in a triangulation is the union of the faces incident to that edge. An edge is
flippable if its star is convex, and non-flippable otherwise. Every non-flippable edge is incident
to the unique reflex vertex of its star; we direct each non-flippable edge away from this reflex
vertex.
Lemma 4.7. In any bad triangulation, every vertex is incident to exactly two incoming directed
edges, exactly two outgoing directed edges, and exactly two flippable edges.
Proof. Fix a bad triangulation Γ . If w is a reflex vertex in the link of some vertex v, then the
edge vw is directed toward v. So Lemma 4.5 implies that each vertex of Γ is incident to two
incoming edges.
We argued in the proof of Lemma 4.5 that each vertex is reflex in the links of exactly two of
its neighbors. Thus, each vertex of Γ is also incident to two outgoing edges.
Finally, because every vertex of Γ has degree 6, each vertex of Γ is incident to two flippable
edges.
Lemmas 4.6 and 4.7 imply that the links in every bad triangulation fall into two categories,
which we call cats and dogs. A cat is a bad hexagon whose reflex vertices are adjacent; a
dog is a bad hexagon whose reflex vertices are separated by one convex vertex. Cats are
(combinatorially) symmetric; however, there are two species of dogs, which are reflections of
each other.
ear

ear

ear

eye

eye

eye
nose
mouth

cheek

cheek

nape

chin

Figure 4.7. Cat and (right-facing) dog anatomy. Flippable edges are shown in double-thick green.

We label the vertices of each cat and dog mnemonically, as shown in Figure 4.7. In particular,
if the link of vertex v is a dog, then nose(v) is the unique convex vertex of the dog whose
neighbors are reflex, and the vertex opposite nose(v) in the link is nape(v). Because nape(v)
is incident to two convex vertices, it can see every vertex of the dog except nose(v). Because
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neither reflex vertex lies in the visibility kernel of the dog, nape(v) can see both reflex vertices.
The visibility between nape(v) and nose(v) is blocked by one of the reflex vertices, which we
call mouth(v). The edge from v to nose(v) is flippable, because otherwise v could not see either
ear(v) or chin(v). A dog is right-facing if mouth(v) immediately follows nose(v) in clockwise
order, and left-facing otherwise.
The following lemma implies that two boundary edges of each cat and dog are flippable, as
shown in Figure 4.7.
Lemma 4.8. In any bad triangulation, every triangle has exactly one flippable edge.
Proof. Fix a bad triangulation Γ with n vertices. Euler’s formula implies that Γ has 3n edges
and 2n triangular faces. Lemma 4.7 implies that Γ has exactly n flippable edges, so the average
number of flippable edges per triangle is exactly 1.
The flippable edges incident to any vertex v are separated in cyclic order around v by two
non-flippable edges if the link of v is a cat, or by one non-flippable edge if the link of v is a dog.
Thus, two flippable edges never appear consecutively around a common vertex. It follows that
every triangle in Γ is incident to at most one flippable edge.
Lemma 4.9. Every bad triangulation contains a cat.
Proof. Let Γ be a triangulation, and let u be any vertex in Γ whose link is a dog. We argue that
the link of the nose of u must be a cat. (Mnemonically, dogs only sniff cats.)
Without loss of generality, assume that the link of u is facing right, so the triple chin(u), nape(u),
ear(u) is oriented clockwise, as shown in Figure 4.8.
ear

eye
nose
mouth

nape

chin

Figure 4.8. Concave chains inside any dog.

The fact that the link of u is a bad hexagon implies several orientation constraints on its
vertices:
• The triple ear(u), eye(u), mouth(u) is oriented counterclockwise; otherwise, mouth(u)
could see the entire dog. It follows that the triple eye(u), mouth(u), nape(u) is oriented
clockwise, and that nape(u) and eye(u) can see each other.
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• The triple eye(u), mouth(u), chin(u) is oriented counterclockwise; otherwise, eye(u) could
see the entire dog.
• Finally, the triple nose(u), mouth(u), nape(u) is oriented counterclockwise; otherwise,
nape(u) could see the entire dog.
Now suppose for the sake of argument that the link of v = nose(u) is a dog. We label the
other vertices of the link of u as shown on the top row of Figure 4.9; in particular, x = eye(u)
and y = mouth(u). Because the flippable edge uv is inside the link of v, either u = nose(v)
or u = chin(v); each of these cases admits two subcases. The four cases are illustrated
schematically in the rows of Figure 4.9.
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Figure 4.9. Four cases in the proof of Lemma 4.5: One dog’s nose ( v ) cannot be the center of another dog. Each column
corresponds to one case.

• Suppose u = nose(v) and x = mouth(u), and therefore y = eye(u). Let w0 = chin(v).
The triple w0 , x, y must be oriented clockwise; our earlier analysis implies that w, x, y
is oriented counterclockwise. It follows that triangles w0 x v and wxu overlap, which is
impossible.
• Suppose u = nose(v) and x = eye(u), and therefore y = mouth(u). Let w0 = ear(v).
The triple w0 , x, y must be oriented clockwise; our earlier analysis implies that w, x, y
is oriented counterclockwise. It follows that triangles w0 x v and wxu overlap, which is
impossible.
• Suppose u = chin(v) and y = nape(v). Let w0 = nose(v). The triple w0 , x, y is oriented
clockwise; our earlier analysis implies that w, y, z is oriented counterclockwise. It follows
that triangles w0 x v and wxu overlap, which is impossible.
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• Finally, suppose u = chin(v) and y = mouth(v). Let z 0 = nose(v). The triple x, y, z 0 is
oriented clockwise; our earlier analysis implies that x, y, z is oriented counterclockwise.
It follows that triangles z 0 y v and z yu overlap, which is impossible.
In all four cases, we derive a contradiction. We conclude that the link of nose(u) is actually a
cat.
Every 6-regular triangulation of the torus is isotopic to the quotient of the regular equilateraltriangle tiling of the plane by a lattice of translations [9, 40, 168]. We analyze the patterns of
cats and dogs in bad triangulations by analyzing their images in this reference triangulation,
and in particular, by studying the induced annotations of edges, as illustrated in Figure 4.10.
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ear
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Figure 4.10. Cat and (right-facing) dog reference anatomy; compare with Figure 4.7.

A cycle in a 6-regular toroidal triangulation is straight if it corresponds to a closed geodesic
in the corresponding lattice triangulation. Every straight cycle is non-contractible.
Let C be a simple piecewise geodesic closed curved on the torus (for example, a cycle in Γ ),
arbitrarily directed, and let u, v, w be three successive vertices of C. Let e
v be any lift of v, and
ee
e be lifts of the edges of C incident to v. The turning angle of C at u is the signed
let u
v and e
vw

ee
e . In
counterclockwise angle, strictly between −π and π, between the vectors u
v and e
v w
other words, when walking along the cycle C in the indicated direction, the turning angle is
the angle one turns left at v (or right if the angle is negative). The total turning angle of C is
the sum of the turning angles of the vertices of C.
Lemma 4.10. Every simple non-contractible closed curve on the flat torus has total turning
angle zero.
Lemma 4.10 follows immediately from classical results of Reinhart [180]. In short, the total
turning angle (which Reinhart calls the “winding number”) is an isotopy invariant of closed
curves, and every simple non-contractible closed curve on the flat torus is isotopic to a closed
geodesic. Lemma 4.10 implies in particular that every straight cycle has total turning angle
zero.
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Lemma 4.11. If a bad triangulation contains one dog, it contains a straight cycle of vertices
whose links are dogs.
Proof. Let Γ be a bad triangulation and let v1 be any vertex of Γ whose link is a dog. Label the
vertices of v’s link as shown in Figure 4.11; for example, u1 = nose(v1 ), v2 = mouth(v1 ), and
w1 = chin(v1 ).
Edges u1 v1 and v1 w1 are flippable, and therefore edges v1 v2 , u1 v2 , and w1 v2 are not flippable.
Thus, no opposite pair of edges incident to v2 are both flippable. It follows that the link of v2
is a dog, whose ear vertex is v1 .
Edges u0 v1 , v0 v1 , and v1 w0 are not flippable, so edges u0 v0 and v0 w0 must be flippable. Thus,
the link of v0 is also a dog, whose mouth vertex is v1 .
u0
v0

u1
v1

w0

v2

w1

Figure 4.11. One dog induces a straight cycle of dogs.

Continuing by induction in both directions, we find a bidirectional sequence . . . , v−1 , v0 , v1 , v2 , . . .

of vertices whose links are dogs, where the center vi of each dog is the mouth of the previous

dog and the ear of the next dog. Because Γ is finite, this sequence must eventually repeat,
forming a straight cycle.
We can now finally prove the main result of this section.
Theorem 4.1. Bad triangulations do not exist.
Proof. Let Γ be a bad triangulation. We derive a contradiction by showing that Γ contains a
non-contractible cycle whose vertices all have cat links, whose edges are all non-flippable, and
finally whose turning angle is non-zero, contradicting Lemma 4.10.
First, suppose Γ contains at least one dog. Following the proof of Lemma 4.9, suppose v1 is
a vertex whose vertex is a dog and u1 = nose(v1 ). Then v2 = mouth(v1 ) is also a neighbor of
u1 . The previous lemma now implies a straight cycle of dogs D = . . . , v0 , v1 , v2 , v3 , . . . , where
vi = mouth(vi−1 ) = ear(vi+1 ) for every index i. For each index i, the link of ui = nose(vi ) is a
cat. Thus, we find a straight cycle C = . . . , u0 , u1 , u2 , u3 , . . . of vertices, parallel to the cycle D
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u0

u1

v0

v1

u2
v2

Figure 4.12. One cat induces a straight cycle of cats.

of dog vertices, all of whose links are cats, as shown in Figure 4.12. Every edge ui ui+1 in C is
unflippable.
On the other hand, if Γ contains no dogs, then we can construct a straight cycle C =
. . . , u0 , u1 , u2 , . . . of cat vertices starting with any unflippable edge u0 u1 . Again, every edge
ui ui+1 in C is unflippable.
Without loss of generality, suppose u2 is the left eye of u1 , and thus u0 is the right cheek of u1 .
(Symmetric arguments apply if u2 is the right eye, right cheek, or left cheek of u1 .) The triple
u0 u1 u2 is oriented counterclockwise, as shown in Figure 4.13; otherwise, the right cheek of u1
would lie in the visibility kernel of the link of u1 . It follows by induction that for every index i,
vertex ui+1 is the left eye of ui , and thus every triple ui−1 ui ui+1 is oriented counterclockwise.
We conclude that the total turning angle of C is positive, contradicting Lemma 4.10.
ear

ear

eye

eye

cheek

cheek

Figure 4.13. Concave chains inside any cat.

4.4

Triangulation Pseudomorphs

We saw in Section 4.2 that every triangulation with a loop is in fact a zipper, and furthermore,
morphing between zippers turned out to be fairly simple. We will thus use zippers as the base
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case for our extension to Cairns’ recursive method for computing pseudomorphs.
Otherwise, we showed that a good vertex always exists, so we can always perform a direct
collapse. Unfortunately, a worse version of the problem observed by Cairns above appears: not
only is it possible that a good vertex u might not be directly collapsible to the same neighbor
in both Γ0 and Γ1 , it is possible that Γ0 and Γ1 do not share a good vertex! Fortunately, every
6-regular triangulation of the torus is isotopic to the quotient of the regular equilateral-triangle
tiling of the plane by a lattice of translations [9, 40, 168]; equivalently, this tiling is the Tutte
embedding Γ∗ corresponding to the all-1s vector. In this tiling, every vertex is good, and directly

collapsible to every neighbor.

Recursively constructing pseudomorphs from Γ0 to Γ∗ and from Γ∗ to Γ1 yields the desired

pseudomorph. Just as with Cairns’ pseudomorph, this pseudomorph consists of exponentially
many steps. We will revisit this pseudomorph in Section 6.2.3, and derive a pseudomorph
consisting of O(n) steps.

4.5

From Triangulation Pseudomorphs to General Morphs

We first adapt a perturbation strategy of Alamdari et al. [4], which transforms their pseudomorphs between planar triangulations into morphs, to geodesic triangulations on the flat torus.
To explain our adaptation, we must first give a brief sketch of their algorithm. Let Γ0 be the
initial planar input triangulation. The input to their perturbation algorithm is a pseudomorph
consisting of a (direct) collapse of a good vertex u to a neighbor v, a morph (not a pseudomorph)
consisting of k unidirectional linear steps Γ00

Γ10

···

Γk0 , and finally the reverse of a

collapse of u to v resulting in the final triangulation Γk . The output is a proper morph from Γ0
to Γk , consisting of k + 2 unidirectional linear steps.
Alamdari et al. proceed as follows. Let P be the link of u in the initial triangulation Γ0 .
For each index i, let vi and Pi respectively denote the images of v and P in the intermediate
triangulation Γi0 . For each index i, a position ui is found within the visibility kernel of Pi so
that for all i, the vector ui ui+1 is parallel to vi  vi+1 (the direction of the unidirectional linear
morph Γi0

0
Γi+1
). For vertices of degree 3 and 4, it is simple to place u as a certain convex

combination of the vertices in P. The strategy for vertices of degree 5 is more complicated.
First, a value " is computed such that for each index i, the intersection of the disk of radius
" centered at vi and the visibility kernel of Pi consists of a full sector of the disk; call this
intersection Si . A specific position ui is then chosen within each region Si .
A close examination of their paper reveals that the strategy for vertices of degree 5 generalizes
to vertices u of arbitrary degree (greater than 2). In particular, the definition of ui depends
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solely on " and the positions of the edges in Pi incident to vi .
The radius " is computed as follows. For each index i, we need a positive distance "i > 0
smaller than the minimum distance from v to any edge of the kernel of Pi that is not incident
to v, at any time during the morphing step Γi0

0
Γi+1
. It suffices to compute the minimum

distance from v to the lines supporting edges of Pi not incident to v. The squared distance
to each of these lines at any time t can be expressed as the ratio f (t)/g(t) of two quadratic
p
polynomials f and g. Alamdari et al. argue that a lower bound 0 < δ ≤ min t f (t)/g(t)

can be computed in constant time in an appropriate real RAM model [4], say, by computing
roots of the derivative of f (t)/g(t), whose numerator is a cubic polynomial. Then "i is the
minimum of these lower bounds δ. Altogether computing "i takes O(deg(u)) time. Finally,
" = min1≤i≤k "i .
Once the radius " is known, computing each sector Si in O(deg(u)) time is straightforward.
The point u0 can be chosen arbitrarily within S0 . For each index i in increasing order,
Alamdari et al. describe how to choose a point ui+1 ∈ Si+1 in O(1) time, such that the vector

ui ui+1 is parallel to the vector vi  vi+1 . This part of the algorithm makes no reference to the

rest of the triangulation; it works entirely within the sectors Si and Si+1 . Moreover, no part of
this algorithm relies on u being directly collapsed to v, only that vertices u and v have the same
0
image in the triangulations Γi0 and Γi+1
.

We can thus apply this perturbation technique to our toroidal pseudomorphs with no modification.
Theorem 4.2. Given any two isotopic geodesic toroidal triangulations Γ0 and Γ1 with n vertices,
we can compute a piecewise-linear morph from Γ0 to Γ1 , consisting of exponentially many steps.
Finally, it remains to describe how to morph between embeddings that are not triangulations.
Following existing work in the planar setting, we extend the given embeddings Γ0 and Γ1
to triangulations, and then invoke our earlier triangulation-morphing algorithm. The main
difficulty is that it may not be possible to triangulate both Γ0 and Γ1 using the same diagonals,
because corresponding faces, while combinatorially identical, may have different shapes.
Two different techniques have been proposed to overcome this hurdle in the planar setting.
The first method subdivides each pair of corresponding faces into a compatible triangulation, introducing additional vertices if necessary [5, 111, 205, 206, 210]; however, this technique
increases the complexity of the graph to O(n2 ) [17]. The second technique uses additional morphing steps to convexify faces to that they can be compatibly triangulated without additional
vertices [4, 14]. While the subdivision technique generalizes to toroidal embeddings (at least
when all faces are disks), it is unclear how to generalize existing morphing techniques.
We introduce a third technique, which avoids both subdivision and additional morphing
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steps by exploiting Theorem 2.3. Our method can also be applied to 3-connected straight-line
plane graphs, giving a new and arguably simpler approach for the planar case as well.
Theorem 4.3. Given any two isotopic essentially 3-connected geodesic toroidal embeddings Γ0
and Γ1 with n vertices, we can compute a piecewise-linear morph from Γ0 to Γ1 , consisting of
exponentially many steps.
Proof. Let Γ∗ be an equilibrium embedding isotopic to Γ0 and Γ1 as given by Theorem 2.3. It
suffices to describe how to morph from Γ0 to Γ∗ ; to morph from Γ0 to Γ1 one can simply first
morph from Γ0 to Γ∗ and then from Γ∗ to Γ1 .

Arbitrarily triangulate the faces of Γ0 ; this can be done in O(n) time using Chazelle’s algorithm

[52], or in O(n log n) time in practice. Because each face of Γ∗ is convex, we can triangulate
Γ∗ in the exact same manner. The result is two isotopic geodesic toroidal triangulations T0

and T∗ . Given a morph between T0 and T∗ as promised by Theorem 4.2, we obtain a morph

between Γ0 and Γ∗ by simply ignoring the edges added when triangulating. In particular, the

morph is specified by a sequence of geodesic triangulations T0 , T1 , . . . , Tk = T∗ , and dropping

the additional edges from each triangulation Ti results in a geodesic embedding Γi isotopic to
Γ0 .
Finally, Theorem 4.3 immediately yields Corollary 4.2.

Corollary 4.2. Two essentially 3-connected geodesic embeddings Γ0 and Γ1 on the flat torus
are isotopic if and only if they are isotopic through geodesic embeddings.
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Chapter 5

Toroidal Morphing via Barycentric
Interpolation
In this chapter, we once again consider the problem of computing morphs between two
isotopic embeddings of the same graph on the same flat torus. Whereas in the previous chapter
we extended Cairns’ edge-collapse method on the plane [44, 45] to produce a toroidal morph,
in this chapter we extend a different method, namely, the barycentric interpolation paradigm
introduced by Floater and Gotsman [99], which was in turn based on Floater’s extension
(Theorem 2.4) to Tutte’s spring embedding theorem.
Floater and Gotsman’s barycentric interpolation method in morphs that are natural and visually appealing. However, the resulting morphs are represented implicitly; the vertex positions
at any time during the morph can be computed in O(nω/2 ) time by solving a linear system
via nested dissection [8, 146].In contrast, Cairns’ morph and its later improvements [4, 133]
produce morphs with explicit piecewise-linear vertex trajectories; unfortunately, the reliance
on perturbed edge collapses make these morphs not useful for visualization.
Our extension of Floater and Gotsman’s method also provides a short and simple proof of a
conjecture of Connelly et al. [66] on the deformation space of geodesic torus triangulations.

5.1

Prior Results (and why they don’t immediately generalize)

Floater, Gotsman and Surazhsky [99, 111, 205–207] used Theorem 2.4 to obtain a morph
between straight-line planar graph embeddings Γ0 and Γ1 as follows: Let λ(0) and λ(1) be
barycentric stresses for Γ0 and Γ1 , respectively. For 0 < t < 1, set λ(t) := (1 − t)λ(0) + tλ(1),

and let Γ λ(t) be the resulting Floater embedding; the function t 7→ Γ λ(t) describes a morph
between Γ0 and Γ1 .

As observed by Steiner and Fischer [197], Floater and Gotsman’s morphing algorithm does
not directly generalize to the toroidal setting, because the linear system (2.12) is rank-deficient,
and thus not all positive stresses λ are realizable; see Lemma 2.7 for a concrete example.
In particular, given arbitrary barycentric stress vectors λ(0) and λ(1) of two isotopic convex
torus embeddings, intermediate weights λ(t) := (1 − t)λ(0) + tλ(1) are not necessarily realiz-

able. Consider the toroidal embeddings of K7 shown in Fig. 5.1, which differ only in the position
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of vertex 2. We computed mean-value weights λ and µ for these embeddings, normalized so
that the weights of all edges leaving each vertex sum to 1 [98, 120]. Writing out the linear
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Figure 5.1. Isotopic embeddings of K7 whose normalized mean-value weights are not morphable.

system (2.12) for the stress (λ + µ)/2 gives


L

λ+µ
2

1

−0.2698


−0.0689

=
−0.1744

−0.1486

−0.0901

−0.2485 −0.0957 −0.1305 −0.1469 −0.0983
1

−0.1045

−0.0848

−0.1712

−0.1347

−0.28



−0.1974 −0.1067 −0.1332 −0.1595 −0.1333


1
−0.3839 −0.0982 −0.2826 −0.062 

−0.3336
1
−0.2144 −0.0662 −0.1268


−0.111 −0.2513
1
−0.2184 −0.0994

−0.2089 −0.0806 −0.258
1
−0.2278

−0.2413 −0.1152 −0.1191 −0.156 −0.1044 −0.2639


−0.5062 −0.5252
−0.1067 −0.2928




 0.0689
−0.062 


λ+µ

H 2 =
0.4735
0




−0.3508
0.1486





0
0.2248 
0.3457

1

(5.1)

0.4756

One can verify (by hand or by computer) that this system does not admit a solution.
Steiner and Fischer [197] modify the system by fixing a single vertex, restoring full rank.
However, solving this modified linear system does not necessarily yield an embedding, because
the fixed vertex may not lie in the convex hull of its neighbors. The top row of Fig. 5.2 shows
two isotopic embeddings of a 12×12 toroidal grid, one with a single row of vertices shifted 1/2
to the left, the other with a single column of vertices shifted 1/2 downward. Let λ← and λ↓
respectively denote the normalized mean-value weights for these embeddings [98, 120]. The
bottom left image in Fig. 5.2 shows the Steiner-Fischer drawing for the weight λ = (2λ← +λ↓ )/3,
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Figure 5.2. A bad example of fixed-vertex weight interpolation; see the text for explanation.

with the red edges indicating the fixed vertex. This drawing is clearly not an embedding; it
also follows that the weight vector λ is not realizable.
The bottom right of Fig. 5.2 shows the corresponding Floater embedding for the realizable
weight vector µ = (2µ← + µ↓ )/3, where µ← and µ↓ are morphable weights derived by rescaling
λ← and λ↓ , as described in Lemma 5.3.
Steiner and Fischer also claim [197, Section 2.2.1] that the resulting drawing has no “foldovers”
except at the fixed vertex and its neighbors. Here a “foldover” is a vertex in the drawing whose
incident faces overlap (where formally, faces are determined by the reference drawing used to
define the translation vectors). Close examination of Fig. 5.2 shows that this claim is incorrect:
foldovers occur at more than just the fixed vertex and its neighbors.
Very recently, Luo et al. [152] proved a generalization of Floater’s theorem to geodesic
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triangulations of arbitrary closed Riemannian 2-manifolds with strictly negative curvature,
extending the spring-embedding theorems of Colin de Verdière [60] and Hass and Scott [115]
to asymmetric weights. Their result immediately implies that if two geodesic triangulations
of such a surface are homotopic, then linearly interpolating the dart weights yields a morph.
Their result applies only to surfaces with negative Euler characteristic; alas, the torus has Euler
characteristic 0. The result derived in this chapter thus fills an important gap in the existing
literature.

5.2

Morphable Stresses

To get around these issues, we identify a subspace of morphable stresses, such that every
convex torus embeddings has a morphable barycentric stress, every morphable stress is realizable, and convex combinations of morphable stresses are morphable. Specifically, a positive
stress λ is morphable if each column of the matrices L λ and H λ as defined in Equation (2.12)
sums to 0.
The following lemma follows immediately from the definition of morphable stresses.
Lemma 5.1. Convex combinations of morphable stresses are morphable.
Lemma 5.2. Every morphable stress is realizable.
Proof. If λ is a morphable stress, then the nth row of the linear system L λ P = H λ is implied
by the other n − 1 rows, so we can remove it. The resulting abbreviated linear system still has

rank n − 1, so it has a solution.

Lemma 5.3. Given a barycentric stress λ for a convex torus embedding Γ , a morphable barycentric stress for Γ can be computed in O(nω/2 ) time.
Proof. The matrix L λ has rank n − 1, so there is a one-dimensional space of (row) vectors

α = (α1 , . . . , αn ) such that αL λ = (0, . . . , 0). We can compute a non-zero vector α in O(nω/2 )
time using general nested dissection [8, 146] and toroidal separators [6, 104].
Moreover, a directed version of the matrix tree theorem [39, 71, 212] implies that we can
choose all αi to be positive. Specifically, let G ± be the weighted directed graph whose weighted
arcs correspond to the weighted darts of G. An inward directed spanning tree is an acyclic
spanning subgraph of G ± where every vertex except one (called the root) has out-degree 1.
The weight of an inward directed spanning tree is the product of the weights of its arcs. For
each i, let αi be the sum of the weights of all inward directed spanning trees rooted at vertex i;

67

we have αi > 0 because all dart weights are positive. The directed matrix tree theorem implies
that αL = 0, as required; for an elementary proof, see De Leenheer [71, Theorem 3].
Define a new positive stress µ by setting µd := αtail(d) λd for each dart d. For each i, we
µ

µ

immediately have L i P = αi L iλ P = αi H iλ = H i , where P is the position matrix for Γ , so µ is in
fact a barycentric stress for Γ . Finally, we easily observe that (1, . . . , 1)L µ = αL λ = (0, . . . , 0)
and (1, . . . , 1)H µ = αH λ = αL λ P = (0, . . . , 0)P = (0, 0), which imply that µ is morphable.
Putting the preceding lemmas together gives us the following theorem, which, as a corollary,
offers an alternative proof of Corollary 4.2.
Theorem 5.1. Given two isotopic essentially 3-connected geodesic torus embeddings Γ0 and
Γ1 , we can efficiently compute a morph from Γ0 to Γ1 , whose intermediate embeddings are
given by solving the linear system (2.10). Specifically, after O(nω/2 ) preprocessing time, we can
compute any intermediate embedding during the morph in O(nω/2 ) time.
Proof. If Γ0 and Γ1 are convex embeddings, we proceed as follows. First, if necessary, we
normalize the given coordinate representations so that their translation vectors agree, in
O(n) time (see Section 2.8). Then we find barycentric stresses λ(0) and λ(1) for Γ0 and
Γ1 , respectively, in O(n) time, for example using Floater’s mean-value coordinates [98, 120].
Following Lemma 5.3, we derive morphable weights µ(0) and µ(1) from λ(0) and λ(1),
respectively, in O(nω/2 ) time. Finally, given any real number 0 < t < 1, we set µ(t) :=
(1 − t)µ(0) + tµ(1) and solve the linear system L µ(t) P (t) = H µ(t) for the position matrix P (t) of
an intermediate embedding Γ µ(t) ; Lemmas 5.1 and 5.2 imply that this system is solvable. The
function t 7→ Γ µ(t) is a morph between Γ0 and Γ1 .

If Γ0 or Γ1 is not convex, we can employ the following reduction, which is similar to the one

employed in the proof of Theorem 4.3: Let Γ∗ be the Tutte embedding of G obtained by setting
every dart weight to 1. Compute an arbitrary triangulation T0 of Γ0 . Because every face of Γ∗

is convex, we can triangulate Γ∗ using the same diagonals, yielding a triangulation T∗ isotopic

to T0 . Assign weight 0 to the darts of each edge in T∗ \ Γ∗ to obtain a barycentric weight vector
µ∗ for T∗ , which is symmetric and therefore morphable. Derive morphable weights µ0 for T0
using, say, mean-value coordinates [98,120] and Lemma 5.3. Then we can morph from T0 to T∗

by weight interpolation, using the weight vector µ(t) := (1 − 2t)µ0 + 2tµ∗ for any 0 ≤ t ≤ 1/2.

Ignoring the additional triangulation edges gives us a morph from Γ0 to Γ∗ . Finally, a symmetric
procedure gives us a morph from Γ∗ to Γ1 .
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5.3

Deformation Spaces of Geodesic Torus Triangulations

Our formulation of morphable stresses provides a straightforward solution to a conjecture of
Connelly et al. [66] on the deformation space of geodesic triangulations. Bloch, Connelly, and
Henderson [31] proved that for any planar straight-line triangulation Γ of a convex polygon
P, the space of all planar straight-line triangulations of P that are homeomorphic to Γ is
contractible. (Cairns’ morphing theorem [44, 45] asserts only that this space is connected.)
Simpler proofs of this theorem were recently given by Cerf [47] and Luo [151]; in particular,
Luo observed that the Bloch–Connelly–Henderson theorem follows immediately from Floater’s
barycentric embedding theorem [96, 97].
Connelly et al. [66] conjectured that every isotopy class of geodesic triangulations on any
surface S with constant curvature is homotopy-equivalent to the group Isom0 (S) of isometries
of S that are homotopic to the identity. In particular, Isom0 (S 2 ) is the rotation group SO(3)
and Isom0 (T) is the translation group S 1 × S 1 ; for every other orientable surface S without

boundary, Isom0 (S) is trivial [171]. Very recently, Luo et al. proved this conjecture for all
surfaces of genus at least 2 [152] and for flat tori [153]; both proofs use nontrivial extensions
of Floater’s theorem [96, 97].
Here we offer a simpler proof for flat tori; in fact, we prove a more general result about
convex embeddings instead of just triangulations.
Theorem 5.2. For any convex embedding Γ on a flat torus T, the space of all convex embeddings
isotopic to Γ is homotopy equivalent to T.
Proof. Fix a convex embedding Γ of a graph G with n vertices and m edges; without loss of
generality, assume some vertex v is positioned at (0, 0). Let X = X (Γ ) denote the space of all
convex s of G isotopic to Γ , and let X 0 = X 0 (Γ ) be the subspace of embeddings in X where
vertex v is positioned at (0, 0). Every embedding in X is a translation of a unique embedding in
X 0 , so X = X 0 × S 1 × S 1 . Thus, to prove the theorem, it suffices to prove that X 0 is contractible.
P
Call a positive asymmetric stress λ ∈ R2m
for Γ normalized if d λd = 1, where the sum
+

is over all darts of Γ . Let R = R(Γ ) denote the set of of all realizable stresses for T , and let
M = M (Γ ) denote the set of all normalized morphable stresses for T .

Lemma 5.1 implies that M is convex and therefore contractible. (Specifically, M is the interior
of a (2m − n − 2)-dimensional convex polytope in R2m .)

Call two realizable stresses λ, λ0 ∈ R equivalent if there is a scaling vector α ∈ R+n such that

λ0d = αtail(d) λd for every dart d. Because the Laplacian matrix L λ has rank n − 1, Lemma 5.3

implies that every realizable stress λ ∈ R is equivalent to a unique normalized morphable stress

µ ∈ M . It follows that R is homeomorphic to M × R+n and therefore contractible.
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Now we follow the proof of Theorem 1.4 in Luo et al. [152]. Because every morphable stress
is realizable, solving linear system (2.12) gives us a continuous map Φ: R → X 0 . Floater’s mean-

value weights [98,120] give us a continuous map Ψ : X 0 → R such that Φ ◦ Ψ is the identity map
on X 0 . Because R is contractible, the function Ψ ◦ Φ is homotopic to the identity map on R. We
conclude that X 0 is homotopy equivalent to R and therefore contractible.
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Chapter 6

Efficient Piecewise-Linear Morphs
In this chapter we introduce a new tool for computing piecewise-linear morphs: Let Γ be a
convex embedding (planar or toroidal) and λ be a barycentric stress vector for Γ . We show
that changing the stresses on the darts along a single edge results in a unidirectional morph.
We first use this to define a new kind of edge collapse, which we call a spring collapse. This
new tool will allow us to improve the pseudomorph described in Section 4.4. Whereas the
pseudomorph described in Section 4.4 produced a a piecewise-linear morph between toroidal
embeddings, consisting of O(2n ) steps, here the result is a piecewise-linear morph consisting
of just O(n) steps; moreover this morph can be computed in O(n1+ω/2 ) time, matching the
previous state of the art for planar piecewise-linear morphs [133]. Previous methods [4, 133]
used to improve Cairns’ edge-collapse based pseudomorph for planar graphs [44, 45] do not
obviously generalize to the flat torus, necessitating this new technology.
Next, this unidirectional barycentric interpolation allows us to design a new method for
computing piecewise-linear morphs on the plane. Previously, Kleist et al. [133] improved a
previous algorithm of Alamdari et al. [4] by reimplementing a key operation via (a simulation
of) barycentric interpolation; our new method replaces edge collapses entirely with unidirectional barycentric interpolation. Avoiding edge collapses allows us to produce piecewise-linear
morphs that are still good for visualization. Our resulting morph also consists of O(n) steps,
computed in O(n1+ω/2 ) time, matching the previous state of the art [133]. Unfortunately, this
method does not appear to immediately generalize to flat tori.

6.1

Unidirectional Barycentric Interpolation

Fix a planar graph G and a convex polygon for the outer face. Let pλv denote the position of
vertex v in the Floater embedding Γ λ with respect to weight vector λ. Intuitively, the following
lemma states that changing the (possibly asymmetric) stresses on the darts of a single edge e
moves each vertex in the Floater embedding along lines parallel to e; see Figure 6.1.
Lemma 6.1. Let λ and µ be arbitrary stress vectors such that λd 6= µd or λrev(d) 6= µrev(d) for
some dart d, but λd 0 = µd 0 for all darts d 0 ∈
/ {d, rev(d)}. For each vertex w, the vector pwµ − pwλ

is parallel to the embedding of d in Γ λ .

Proof. Suppose d has tail u and head v, and (by rotating the embedding if necessary) that d is
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µ

µ

drawn in parallel to the x-axis. For each vertex i, let yiλ and yi be the projections of piλ and pi ,
respectively, along the y-axis, i.e., the direction orthogonal to d. Note that by assumption
yuλ = y vλ . We need to prove that ywλ = ywµ for every vertex w.
Projecting the linear system (2.10) for λ along the y-axis gives us
X
i j

λi  j ( y jλ − yiλ ) = 0

for each vertex i.

(6.1)

Swapping entries of λ with corresponding entries of µ in the system (6.1) only changes at most
two constraints, namely, the ones corresponding to the two endpoints u and v of d. Moreover, in
each affected constraint, the single changed coefficient is multiplied by yuλ − y vλ = y vλ − yuλ = 0,

so the yiλ ’s also solve the corresponding system for µ. Since the system (6.1) and its counterpart
for µ each have a unique solution, we conclude that ywλ = ywµ for every vertex w.

Figure 6.1. Changing the dart weights along one edge moves all vertices along lines parallel to that edge.

One can generalize Lemma 6.1 to the toroidal setting, for realizable stresses.
Lemma 6.2. Let λ and µ be arbitrary realizable stresses such that λd 6= µd or λrev(d) 6= µrev(d)

for some dart d, and λd 0 = µd 0 for all darts d 0 ∈
/ {d, rev(d)}. For every vertex w, the vector
pwµ − pwλ is parallel to the embedding of d in Γ λ .

Proof. Suppose d has tail u and head v. By the definition of translation vectors, dart d appears
in Γ λ as the projection of a dart in the universal cover from puλ to pλv + τd . Fix a non-zero vector
σ ∈ R2 orthogonal to the vector pλv − puλ + τd and thus orthogonal to darts {d, rev(d)} in Γ λ .
µ

µ

For each vertex i, let ziλ = piλ · σ and zi = pi · σ, and for each dart d 0 , let ξd 0 = τd 0 · σ. Our
µ

choice of σ implies that ξd = zuλ − z vλ . We need to prove that ziλ = zi for every vertex i.

Consider the Laplacian linear systems (2.12) corresponding to λ and µ. Let X λ = H λ · σ and

X µ = H µ · σ. The real vector Z λ = (ziλ )i is a solution to the linear system L λ Z = X λ ; in fact,
µ

Z λ is the unique solution such that znλ = 0. Similarly, Z µ = (zi )i is the unique solution to an

analogous equation L µ Z = X µ with znµ = 0. We will prove that L µ Z λ = X µ , so that in fact
Z λ = Z µ.
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Let δ = µd − λd and " = µrev(d) − λrev(d) . The matrices L λ and L µ differ in only four locations:



δ





−δ


µ
L i j − L iλj = −"




"




0

if (i, j) = (u, u)
if (i, j) = (u, v)
if (i, j) = (v, u)
if (i, j) = (v, v)
otherwise

More concisely, we have L µ = L λ + (δeu − "e v ) (eu − e v ) T , where ei denotes the ith standard
coordinate vector. Similarly, H µ = H λ + τd (δeu − "e v ) and therefore X µ = X λ + ξd (δeu − "e v ).

It follows that

L µ Z λ = L λ Z λ + (δeu − "e v ) (eu − e v ) T Z λ
= X λ + (δeu − "e v ) (zuλ − z vλ )

= X λ + (δeu − "e v ) ξd

= X µ,
completing the proof.

By Lemma 4.3, linear (geodesic) interpolation of vertex positions between Γ λ and Γ µ where
λ and µ satisfy the assumptions of Lemma 6.1 or Lemma 6.2, results in a unidirectional linear
morph.

6.2

Efficient Piecewise-Linear Toroidal Morphs

In this section, we will use Lemma 6.2 to improve the piecewise-linear morph obtained in
Section 4.4. Specifically, we will obtain a morph consisting of O(n) unidirectional morphing
steps, in O(n1+ω/2 ) time, matching the previous state of the art in the planar setting [133] (we
provide a simpler planar morphing algorithm with the same bounds in Section 6.3).

6.2.1

Prior Results (and why they don’t immediately generalize)

Recall that Cairns [44, 45] proved the existence of morphs between arbitrary isomorphic
planar straight-line triangulations, using an inductive argument based on the idea of collapsing
an edge from a low-degree vertex to one of its neighbors. Thomassen [210] extended Cairns’
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proof to arbitrary planar straight-line graphs. Cairns and Thomassen’s proofs are constructive,
but are built from pseudomorphs consisting of an exponential number of steps.
A long series of later works [5, 13, 14, 24], culminating in papers by Alamdari et al. [4], and
Kleist et al. [133], resulted in efficient algorithms to construct planar morphs with explicit
piecewise-linear vertex trajectories, all ultimately based on Cairns’ inductive edge-collapsing
strategy. (Alamdari et al. [4] and Roselli [184] provide more detailed history of these results.)
Given any two isomorphic straight-line embeddings of the same n-vertex planar graph, these
papers describe how to construct a morph consisting of O(n) unidirectional morphing steps.
Thus, each vertex moves along a piecewise-linear path with complexity O(n), and the entire morph has complexity O(n2 ). Moreover, such a morph can be computed in O(n1+ω/2 ).
These results require several delicate arguments; in particular, to morph the initial and final
embeddings so that all faces are convex, and to perturb the pseudomorphs defined by direct
collapses and their reversals into true morphs. The resulting morphs contract all vertices into
an exponentially small neighborhood and then expand them again, so they are not useful for
visualization.
At its core, Alamdari et al.’s algorithm [4] relies on a procedure we will call unidirectional
convexification: Let ` be an arbitrary line in the plane. Call a polygon `-monotone if its
boundary consists of two paths that project injectively onto the line `. If each face in an
embedding Γ is `-monotone, then the procedure moves each vertex along lines orthogonal to `
in such a way that the resulting embedding is convex.
By strategically removing edges temporarily from a triangulation, Alamdari et al. use unidirectional convexification to partially convexify the links of vertices of degree at most 5, so
that said a vertex can be direct collapsed along the same edge in both the initial and final
embeddings. This allows them to avoid the double recursion of Cairns’ original pseudomorph,
resulting in a pseudomorph consisting of O(n) steps. The running time of their algorithm
is dominated by O(n) calls to Hong and Nagamochi’s implementation [118] of unidirectional
convexification, which takes O(n2 ) time each, for a total of O(n3 ) time.
Kleist et al. [133] observed that unidirectional convexification can be implemented by simulating barycentric interpolation, via solving a single instance of the linear system (2.10);
Chrobak et al. [54] previously gave an implementation involving solving a single instance of
the linear system (2.8). (Klemz [134] provides a more detailed history of these implementations.) Either implementation reduces the running time of unidirectional convexification to
O(nω/2 ), and, accordingly, reduces the running time of the algorithm of Alamdari et al. to
O(n1+ω/2 ). Unfortunately, it is unclear how to reproduce unidirectional convexification on flat
tori; see Section 7.4.
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6.2.2

Spring Collapses

Fix a toroidal triangulation Γ and a symmetric stress λ. Let euv be an arbitrary edge of Γ with
endpoints u and v, and let Γ 0 be the result of direct collapsing u to v along euv . Let a, b, c, d
be the edges in the star of uv in Γ , as shown in Figure 6.2. Edges a and b collapse to a single
edge a b in Γ 0 , and edges c and d collapse to a single edge cd in Γ 0 . Now define a stress λ0 for
the edges of Γ 0 as follows:
λ0e :=



λ + λb

 a
λc + λd


λ
e

if e = ab
if e = cd
otherwise

b

a
u
d

(6.2)

ab

v

uv

c

cd

Figure 6.2. Collapsing u to v .
λ0

The new equilibrium embedding (Γ 0 ) has the same image as the limit of Γ λ as we increase
λeuv to infinity and keep all other edge weights fixed. Since Theorem 2.3 implies that symmetric
stresses are always realizable, Lemma 6.2 implies that as we continuously increase λeuv , the
vertices of Γ λ move continuously along geodesics parallel to euv .
λ0

This continuous deformation from Γ λ to (Γ 0 ) is a unidirectional pseudomorph, but not a linear pseudomorph, because the vertices do not necessarily move at fixed speeds. We can simply
simulate the operation by moving each vertex at constant speed along its corresponding geodesic instead; Lemma 4.3 immediately implies that this is a unidirectional linear pseudomorph.
The resulting linear pseudomorph will be referred to as a spring collapse.

6.2.3

Efficient Pseudomorph Between Triangulations

Let us first recall the pseudomorph derived in Section 4.4. Given isotopic geodesic triangulations Γ0 and Γ1 , there exists some good vertex in each triangulation. However, it is possible
that no vertex is good in both Γ0 and Γ1 . More subtly, even if some vertex u is good in both
triangulations, that vertex may be collapsible along a unique edge e0 in Γ0 but along a different
unique edge e1 in Γ1 . We thus introduced an intermediate triangulation Γ∗ in which a good
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vertex u of Γ0 can be directly collapsed along both e0 and e1 . Recursively constructing pseudomorphs from Γ0 to Γ∗ and from Γ∗ to Γ1 yields a pseudomorph from Γ0 to Γ1 with exponentially
many steps.

We will improve this pseudomorph by using spring collapses, in a way that will allow us to
avoid the exponential blowup of Cairns’ algorithm. Suppose we are given two isotopic geodesic
triangulations Γ0 and Γ1 . We explain how to compute a pseudomorph Ψ0 from Γ0 to any isotopic
equilibrium triangulation Γ∗ , whose existence is promised by Theorem 2.3. The same algorithm

gives a pseudomorph Ψ1 from Γ1 to Γ∗ , and concatenating Ψ0 with the reversal of Ψ1 yields the

desired pseudomorph from Γ0 to Γ1 .

If Γ0 is a zipper, we morph directly between Γ0 and an equilibrium zipper Γ∗ using at most

two unidirectional linear morphs. This is the base case of our recursive algorithm.

If Γ0 is not a zipper, then it contains a good vertex u. By definition, u can be directly collapsed
along some edge e to another vertex v, without introducing edge crossings. This direct collapse
gives us a unidirectional linear pseudomorph from Γ0 to Γ00 , a geodesic toroidal triangulation
whose underlying graph G 0 has n − 1 vertices. On the other hand, performing a spring collapse
in Γ∗ by increasing the weight of the same edge e to ∞ leads to a drawing where u and v

coincide, that is, an equilibrium triangulation Γ∗0 of G 0 that is isotopic to Γ00 . Finally, because Γ00

and Γ∗0 are isotopic embeddings of the same graph G 0 , we can compute a pseudomorph from Γ00
to Γ∗0 recursively.

Our full pseudomorph from Γ0 to Γ∗ thus consists of the direct collapse from Γ0 to Γ00 , followed

by the recursive pseudomorph from Γ00 to Γ∗0 , followed by the reverse of the spring collapse from

Γ∗ to Γ∗0 . See Figure 6.3.

Figure 6.3. Our pseudomorph consists of a direct collapse, a recursive pseudomorph, and a reversed spring collapse.

Altogether our pseudomorph consists of O(n) unidirectional linear pseudomorphs: at most
n direct collapses to reach a zipper, O(1) unidirectional linear pseudomorphs to reach an
equilibrium zipper, and finally at most n reversed spring collapses. The time to compute
the overall pseudomorph is dominated by the time needed to compute the O(n) equilibrium
embeddings; the overall running time is O(n1+ω/2 ).
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✨
!

6.2.4

From Triangulation Pseudomorphs to General Morphs, Again

We will once again use the perturbation technique of Alamdari et al. [4]. Recall that our
analysis of the technique in Section 4.5 revealed that no part of their algorithm relied on
vertex u being directly collapsed to v, only that vertices u and v have the same image in the
0
triangulations Γi0 and Γi+1
. We can thus apply this technique to our spring collapses as well.

Our pseudomorph consists of a direct collapse, a recursively computed pseudomorph, and
a reversed spring collapse. First we (recursively) perturb the recursive pseudomorph into a
proper morph Γ00

···

Γk0 consisting of k unidirectional linear morphs. We then compute

the sectors Si and the radius " exactly as described in Section 4.5. To perturb the initial
direct collapse from u to v, we move u to an arbitrary point in the intersection of S0 and the
edge e along which u is collapsed. We compute the intermediate positions ui for u exactly as
described before, working entirely within the local coordinates of the sectors Si . Finally, to
perturb the reversed spring collapse, we first move u from uk to a new point u0k in the visibility
kernel so that the image of the collapsing edge e becomes parallel to the direction of the
original spring collapse, after which we simply interpolate to the final triangulation. Because
the vertices move along parallel geodesics, Lemma 4.3 implies that this final interpolation is a
unidirectional linear morph. Altogether, we obtain a morph consisting of k + 3 unidirectional
linear morphs. We emphasize that the additional step moving uk to u0k is the only significant
difference from the algorithm presented by Alamdari et al. [4].
Unrolling the recursion, we can perturb our pseudomorph between two n-vertex toroidal
triangulations into a proper morph consisting of O(n) unidirectional linear morphing steps in
O(n2 ) time. The overall time to compute this morph is still dominated by the time needed to
compute O(n) equilibrium triangulations for the spring collapses.
Theorem 6.1. Given any two isotopic geodesic toroidal triangulations Γ0 and Γ1 with n vertices,
we can compute a piecewise-linear morph from Γ0 to Γ1 , consisting of O(n) unidirectional steps,
in O(n1+ω/2 ) time.
Finally, we will generalize from triangulations to general embeddings, using the same technique as in the proof of Theorem 4.3.
Theorem 6.2. Given any two isotopic essentially 3-connected geodesic toroidal embeddings Γ0
and Γ1 with n vertices, we can compute a piecewise-linear morph from Γ0 to Γ1 , consisting of
O(n) unidirectional steps, in O(n1+ω/2 ) time.
Proof. Let Γ∗ be an equilibrium embedding isotopic to Γ0 and Γ1 as given by Theorem 2.3. It

suffices to describe how to morph from Γ0 to Γ∗ ; to morph from Γ0 to Γ1 one can simply first
morph from Γ0 to Γ∗ and then from Γ∗ to Γ1 .
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Arbitrarily triangulate the faces of Γ0 ; this can be done in O(n) time using Chazelle’s algorithm
[52], or in O(n log n) time in practice. Because each face of Γ∗ is convex, we can triangulate
Γ∗ in the exact same manner. The result is two isotopic geodesic toroidal triangulations T0

and T∗ . Given a morph between T0 and T∗ as promised by Theorem 6.1, we obtain a morph

between Γ0 and Γ∗ by simply ignoring the edges added when triangulating. In particular, the

morph is specified by a sequence of geodesic triangulations T0 , T1 , . . . , Tk = T∗ , and dropping
the additional edges from each triangulation Ti results in a geodesic embedding Γi isotopic to
Γ0 .
The number of unidirectional morphing steps remains O(n), and the running time is dominated by the computation of the morph between T0 and T∗ , which is O(n1+ω/2 ) by Theorem 6.1.

6.3

Morphing Planar Graphs Edge by Edge

In this section, we describe a simple morph between planar straight-line graphs that combines
the benefits of both the Floater and Gotsman style [99,111,205–207] and the Cairns style [4,44,
45,133,210] of morphs. In particular, we construct a morph with explicit piecewise-linear vertex
trajectories, while still being good for visualization by avoiding edge collapses. Our morph
consists of at most 4n − 12 = O(n) morphing steps, computed in O(n1+ω/2 ) time, matching

the previous state of the art [133]. Our algorithm is also significantly simpler than previous
methods for computing piecewise-linear morphs.
The discussion of Section 6.1 implies that we can morph between isomorphic convex embeddings one edge at a time, where for each edge we get a unidirectional linear morphing step.
The resulting algorithm is shown in Figure 6.4. The initial and final weight vectors can be found
in O(n) time using, for example, Floater’s mean-value method [98, 120]. Each intermediate
embedding can be computed in O(nω/2 ) time using generalized nested dissection and planar
separators [8, 146].
Lemma 4.3 implies that the algorithm presented in Figure 6.4 actually produces a convexitypreserving piecewise-linear morph, i.e., all faces remain convex throughout the morph. The
existence of convexity-preserving morphs was first proven by Thomassen [210]. Angelini
et al. [15] described an algorithm that produces a convexity-preserving piecewise-linear morph
consisting of O(n) steps; however, they do not analyze the runtime of their algorithm. Our
algorithm is significantly simpler than that of Angelini et al. [15]; moreover, since Euler’s
formula implies that a planar graph at most 3n − 6 edges, of which at least three must bound

the outer face, our algorithm produces a morph consisting of at most 3n − 9 steps, in O(n1+ω/2 )
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MorphConvex(Γstart , Γend ):
λ ← barycentric stress for Γstart
µ ← barycentric stress for Γend
k←0
for each internal edge e
k ← k+1
d ← a dart of e
λd ← µd
λrev(d) ← µrev(d)
Γk ← Γ λ
return Γstart , Γ1 , Γ2 , . . . , Γk 〈〈= Γend 〉〉

Figure 6.4. Algorithm for morphing between convex planar embedding.

time.
Theorem 6.3. Given any two isomorphic convex planar drawings Γ0 and Γ1 with n vertices and
the same convex outer face, we can compute a morph from Γ0 to Γ1 consisting of at most 3n − 9
unidirectional linear morphing steps, in O(n1+ω/2 ) time.

The algorithm can easily be extended to embeddings with non-convex faces by first morphing
to embeddings with convex faces: Add edges to decompose every face into convex polygons,
compute barycentric weights for the resulting embedding, and then reduce the weights of each
added edge (one-by-one) to zero; after dropping the added edges, this results in a piecewiselinear morph to a convex embedding, thus reducing to the previously solved case. (This is the
same idea as used in the proofs of Theorems 4.3, 5.1, and 6.2.) As with the convex case, each
intermediate embedding can be computed in O(nω/2 ) time. The full procedure is shown in
Figure 6.5.
Convexify(Γ ):
Γ 0 ← convex decomposition of Γ
λ ← barycentric stress for Γ 0
k←0
for each new edge e in Γ 0
k ← k+1
d ← a dart of e
λd ← 0
λrev(d) ← 0
Γk ← Γ λ without new edges
return Γ , Γ1 , Γ2 , . . . , Γk

Morph(Γstart , Γend ):
Sbefore ← Convexify(Γstart )
Γbefore ← last embedding in Sbefore
Safter ← Convexify(Γend )
Γafter ← last embedding in Safter

Sconvex ← MorphConvex(Γbefore , Γafter )
return Sbefore , Sconvex , reverse(Safter )

Figure 6.5. Algorithm for morphing between general planar straight-line embedding.

In total, we perform one morphing step for each internal edge of G, plus at most 2(k − 3)
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morphing steps for each bounded face with degree k. More specifically, to convexify the initial
and final faces, it suffices to add at most one additional edge for each reflex angle; on the other
hand, each internal vertex can only support at most one reflex angle around it, so we need at
most n − 3 additional edges. Our morph thus consists of at most 4n − 12 linear morphing steps.
In summary:

Theorem 6.4. Given any two isomorphic 3-connected planar straight-line embeddings Γ0 and
Γ1 with n vertices and the same convex polygon for its outer face, we can compute a morph
from Γ0 to Γ1 consisting of at most 4n − 12 unidirectional linear morphing steps, in O(n1+ω/2 )

time.
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Figure 6.6. Morphing between twists of the Schönhardt triangulation edge-by-edge. In each step, the edge whose
stresses are being modified are shown in red.
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Figure 6.7. Morphing between twists of the Schönhardt triangulation via barycentric interpolation.

Figures 6.6 and 6.7 display morphs between planar graph embeddings obtained by the
unidirectional barycentric interpolation method described in this section, and Floater and
Gotsman’s barycentric interpolation method as discussed in Chapter 5, respectively.

80

6.4

Models of Computation

We conclude with a comment about the models of computation implicitly assumed by the
algorithm of Alamdari et al. [4] and the algorithms described in this chapter.
As explained in Section 4.5, the perturbation strategy of Alamdari et al. for converting
pseudomorphs into morphs require a slightly nonstandard real RAM model of computation
that supports exact square and exact cube roots. Since the toroidal morphing algorithms of
Chapter 4 and Section 6.2 use this perturbation as a subroutine, they also require such a model.
In contrast, Floater’s mean-value weights can be expressed in terms of areas and Euclidean
lengths [120], which require only square roots to evaluate exactly. If initial and final barycentric
weights are given, Floater and Gotsman’s morphing algorithm [99], our toroidal extension in
Chapter 5, and the algorithm described in Section 6.3 use only basic arithmetic operations:
addition, subtraction, multiplication, and division.
Even without exact roots, any integer-RAM or floating-point implementation of our morphing algorithm must contend with precision issues.

A careful implementation of Alon

and Yuster’s nested dissection algorithm [8] solves Floater’s linear system (2.10) exactly
in O(n1+ω/2 polylog n) bit operations, assuming all dart weights λu v are O(log n)-bit integers [8, 22]. Thus, at least then all weights are given as part of the input, an exact implementation of our morphing algorithm runs in O(n2+ω/2 polylog n) time on a standard integer RAM.
However, coordinates of Tutte/Floater drawings can require Ω(n) bits of precision to avoid
collapsing or crossing edges; see Eades and Garvan [81] or Figure 6.8. Thus, the near-linear
cost of exact arithmetic is unavoidable in the worst case.

Figure 6.8. A family of graph embeddings consisting of nested squares, with 2, 5, and 10 layers, respectively.

Shen, Jiang, Zorin, and Panozzo [193] observe that floating-point implementations of Tutte’s
algorithm suffer from robustness issues in practice. Shen et al. describe an iterative procedure
to repair floating-point-Tutte drawings; however, it is unclear whether a similar procedure can
be used to avoid precision issues in our algorithm while maintaining continuity of the resulting
morph. It is also unclear whether precision issues in our algorithm can be avoided, or at least
minimized, by carefully choosing the order in which edge weights are changed and/or by
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morphing through a carefully chosen intermediate drawing.
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Chapter 7

Open Questions
Research is never done: every result discovered only uncovers more questions. As such,
we collect in this chapter a small list of open questions that arise from the results previously
discussed in this thesis.

7.1

Variations on a Maxwell–Cremona–Delaunay Theme

One can make one of many minor tweaks to the question of when there exists a correspondence between equilibrium stress and some form of reciprocal diagram.
In the plane, the angle between an edge and its corresponding edge in a reciprocal diagram
is irrelevant; one can always rotate. We found that on flat tori, the picture for orthogonal
reciprocal diagrams and parallel reciprocal diagrams are quite different; in particular, we
suspect that a more general theory can be derived that fully characterizes when equilibrium
stresses are reciprocal for all angles between 0◦ (parallel) and 90◦ (orthogonal).
We can also look at the other parts of the Maxwell–Cremona(–Delaunay) correspondence.
For the most part, Chapter 3 ignored polyhedral liftings of flat torus graphs. Borcea and
Streinu [38] investigated equilibrium stresses that induce liftings into T×R, and gave necessary
and sufficient conditions for this to occur. A natural question to ask is what the reciprocal (or
rather, force) diagrams look like for equilibrium stresses that induce such liftings. It is easily
observable that a periodic polyhedral lift cannot be convex, and so some edge stresses must be
negative. Another question is whether an equilibrium stress that induces a lifting into T × R

also induces a lifting into T M × R for any other 2 × 2 non-singular matrix M .

We also pose as a line of inquiry whether there exists a more general correspondence be-

tween parallel (or more general) reciprocality and some variant of coherence, although, as
previously noted, parallel reciprocality is an affine property (whereas orthogonal reciprocality
is a conformal property), and so any form of coherence corresponding to parallel reciprocality
will also need to be an affine property.
The results in Chapter 3 summarize some important first steps towards a generalization
of the Maxwell–Cremona–Delaunay correspondence to higher genus, namely, the torus. As
previously noted, Y. Colin de Verdière [60] and Hass and Scott [115] actually extended Tutte’s
spring embedding theorem [213] to all higher genus surfaces equipped with a metric of non-
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positive curvature. It is well-known that every surface of genus greater than 1 can be endowed
with a hyperbolic metric, of negative curvature (see, e.g., Farb and Margalit [92]), and it
was recently shown that weighted Delaunay triangulations can be defined naturally in such
settings [34, 35, 82]. Finally, Izmestiev recently described a natural extension of the planar
Maxwell–Cremona correspondence to the hyperbolic plane [128], giving a nice starting point
for trying to look for generalization to hyperbolic surfaces.
In terms of higher dimension, Maxwell had already extended his result to graphs drawn in
R3 [158]; notions of weighted Delaunay tetrahedralizations and their corresponding weighted
Voronoi diagrams have also been studied (see, e.g., Edelsbrunner [83]). In rigidity theory,
frameworks in d-dimensional tori have been studied [185]. It is reasonable to wonder, then,
what Maxwell–Cremona theory looks like in said d-dimensional tori.

7.2

On Morphing Less Connected Graphs

Because they rely heavily on Theorems 2.3 and 2.4, the algorithms described in Chapters 5
and 6 require that the input embeddings be (essentially) 3-connected. If a given embedding Γ
is not (essentially) 3-connected, an isotopic equilibrium drawing Γ∗ still exists, but it may not be
an embedding; nontrivial subgraphs can collapse to geodesics or even points in Γ∗ . Morphing

less connected toroidal embeddings remains an open problem.

On the other hand, one of the accomplishments of Alamdari et al.’s planar morphing algorithm [4] was the ability to morph graphs that are disconnected, as long as the connected
components have the same nesting structure. Their method is based on a first morphing so
that a compatible triangulation can be found; this method relies heavily on unidirectional convexification. This method can be used to augment the planar morphing algorithm described in
Section 6.3, but, as stated before, the operation does not seem to have an obvious generalization to the toroidal setting, meaning that we would need other methods to solve the problem
of morphing disconnected graphs on flat tori.
One of the most obvious approaches is to arbitrarily triangulate and then morph towards
an equilibrium embedding, possibly wherein the added edges have a stress of 0; this idea was
used in the proofs of Theorems 4.2, 5.1, 6.2, and 6.4 to reduce to the case of triangulations.

7.3

On Morphing Graphs Edge by Edge

In Section 6.3, we obtained a simple, efficient “best-of-both-worlds” planar morph that
simultaneously obtains nice properties enjoyed by both the Floater and Gotsman style [99, 111,
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205–207] and the Cairns style [4, 44, 45, 133, 210] of morphs. However, in the toroidal case,
while we were able to obtain both a Floater and Gotsman style morph (Chapter 5) and Cairns
style morph (Section 6.2), it remains an open question if we can combine the two techniques
into another “best-of-both-worlds” result for flat tori. We make some partial progress towards
this result in Section 8.1.3.
A detail that we did not elaborate on in Section 6.3 is the fact that, in no part of the description
of the algorithm did we specify an ordering on the edges. Indeed, correctness of Theorem 6.4
does not depend on the ordering; however, different orderings on the edges produce different
morphs, and the subjective quality of the resulting morph may depend on the ordering.
Figure 7.1(a) shows snapshots from morphing via a random permutation on the edges. In
Figure 7.1(b), on the other hand, the ordering on the edges was hand-picked: edges are ordered
from innermost to outermost, in counterclockwise order within each “layer”. For reference,
intermediary snapshots from Floater and Gotsman’s barycentric interpolation method is shown
in Figure 7.2.

(a)

(b)
Figure 7.1. Morphing edge-by-edge, (a) in random order, and (b) from inside out.

Figure 7.2. Morphing via barycentric interpolation.

An interesting practical question would be to determine what, if any, an ideal ordering on
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the edges would be for visualization purposes, and how to compute such an ordering.

7.4

Toroidal Unidirectional Convexification

Recall that the algorithm of Alamdari et al. [4] made repeated use of a procedure we call
unidirectional convexification to partially convexify the links of vertices, in order to avoid the
double recursion of Cairns’ original method. Intuitively, the procedure produces a unidirectional
convexifying morph wherein vertices move along lines parallel to an arbitrarily chosen valid
direction (see Section 6.2.1 for a description of the valid directions).
Although the use of spring collapses obviated the need to find a toroidal implementation of
unidirectional convexification in Section 6.2, possible extensions of the procedure to a toroidal
setting would be of independent interest. For example, motivated by studies that show that
orthogonal movements are good for visualization purposes [16, 155, 176], Kleist et al. [133]
made use of unidirectional convexification to produce a convexifying morph consisting of
unidirectional morphing steps along only the horizontal and vertical directions; it would be
nice to be able to produce such a morph in a toroidal setting. Section 8.1.2 describes a less
ambitious application for unidirectional convexification on flat tori. Currently, we have no tools
for producing a unidirectional morph on flat tori that wherein vertices do not move in parallel
to the direction of an edge in a given embedding.
Hong and Nagamochi’s implementation [118] of unidirectional convexification explicitly assumes that the initial planar embedding has a convex outer face, and compute new positions
for each vertex by decomposing the embedding into three convex pieces and recursing on each
piece; there is no obvious corresponding substructure for toroidal embeddings. The implementation of Kleist et al. [133] involves setting up a very specific instance of the linear system (2.10);
as previously discussed, the corresponding system (2.11) for flat tori need not be solvable.
Finally, Chrobak et al.’s original implementation [54] of the procedure involves setting up
a specfic instance of the linear system (2.8). Since the corresponding toroidal system (2.9) is
solvable, this implementation seems to provide a more approachable avenue for generalization.
The implementation works as follows: The input to the procedure is a planar embedding with
a fixed convex polygon for its outer face and an arbitrary line `; by rotating the embedding if
necessary, we may assume that ` is the y-axis. Chrobak et al. compute an positive symmetric
stress such that the linear system (2.8), when projected along the x-axis, is solved by the
x-coordinates of the vertices. Thus solving the unprojected system gives new y-coordinates
for the interior vertices, and by Lemma 4.3, linear interpolation between the old and new
coordinates gives a unidirectional linear morph. (Kleist et al.’s implementation [133] instead
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computes a positive asymmetric stress such that projection of the linear system (2.10) is satisfied
by the x-coordinates.)

Figure 7.3. A toroidal embedding that does not admit an equilibrium stress describing its x -coordinates.

The issue in the toroidal setting is that, unlike on the plane, it is not always possible to
compute an equilibrium stress describing (say) the x-coordinates. Suppose for the sake of
argument that such a stress exists for the graph shown in Figure 7.3. The two edges connecting
vertex 1 to vertex 3 pull towards the right. Thus the edge connecting vertex 1 to vertex 2
towards the left (corresponding to the dart 12 with homology vector (−1, 0)) must have a

larger stress than the edge connecting vertex 1 to vertex 2 towards the right (corresponding
to the dart 12 with homology vector (0, 0)). On the other hand, one can give a symmetric

argument for vertex 2: since the edges connecting vertex 2 to vertex 4 pull towards the right,
the edge connecting vertex 2 to vertex 1 (corresponding to the dart 21 with homology vector

(0, 0)) must have a larger stress than the edge connecting vertex 2 to vertex 1 towards the right
(corresponding to the dart 21 with homology vector (1, 0)). But both of these constraints
cannot be simultaneously satisfied, so the stress cannot exist.

7.5

Generalizing Other Planar Morphs

In this thesis, we generalized two kinds of planar morphs; specifically, Floater and Gotsman’s
barycentric interpolation, and Cairns style edge-collapse based morphs. However, many other
kinds of planar morphing techniques exist that we did not discuss, and it is worth asking if any
of them generalize. We list a few of these other techniques below.
Barerra-Cruz et al. [25] describe an algorithm to morph between two isomorphic weighted
Schnyder drawings of the same triangulation, each determined by a Schnyder wood together
with an assignment of positive weights to the faces. The resulting morph consists of O(n2 )
steps, where after each step, all vertices lie on a 6n × 6n integer grid. The algorithm relies

crucially on the fact that the set of Schnyder woods of a planar triangulation is a distributive
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lattice [94]; although toroidal versions of Schnyder woods exist [108], they do not share this
property. Furthermore, despite some initial progress by Barerra-Cruz [23], it is still an open
question whether this algorithm can be extended to arbitrary planar triangulations, or even to
arbitrary planar straight-line graphs.
Biedl et al. [29] initiated a line of work [30, 105, 106] investigating the case of morphing
orthogonal planar graph embeddings, i.e., embeddings in which edges must be drawn as horizontal or vertical line segments; naturally, morphs involved must preserve orthogonality. A
number of recent results have appeared about how to find orthoradial embeddings, i.e., orthogonal embeddings on a flat cylinder [26, 169]; as such, one possible line of inquiry is to compute
morphs between orthoradial embeddings. However, before asking for morphs between orthogonal toroidal embeddings, one must first investigate how to obtain such embeddings: standard
methods for finding orthogonal planar embeddings [102, 208, 209] do not seem to generalize.
All of the previously mentioned morphing algorithms restricted our attention to finding
straight-line deformations between straight-line embeddings. Lubiw and Petrick [150] relaxed
the straight-line condition, constructing morphs that allowed edges to “bend”, as long as they
remained piecewise linear. On the other hand, Angelini et al. [12] recently relaxed the embedding
condition: they considered a small family of straight-line drawings, and produced straight-line
morphs that preserve edge crossings, i.e., two edges cross at some point during the morph
if and only if they remain crossed at all points during the morph. It would be interesting to
generalize either relaxation (or any others) to flat tori or beyond.
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Chapter 8

Flotsam and Jetsam
In this chapter we collect some miscellaneous thoughts that do not fit elsewhere in the thesis.
In particular, we include some half-baked ideas that did not pan out, as well as some useless
quips and trivia.

8.1

Half-Baked or Incomplete Ideas

8.1.1

Toroidal Coherent Morphs

One of our motivations for investigating toroidal Maxwell–Cremona correspondences was
based on an observation of É. Colin de Verdière et al. [57], who considered restricting Floater
and Gotsman’s method for morphing planar graphs to symmetric stresses. In other words, they
required that the given embeddings Γ0 and Γ1 admit equilibrium stresses, and since convex combinations of symmetric stresses are symmetric, the resulting morph is a morph through Tutte
embeddings. É. Colin de Verdière et al. noted that in light of the planar Maxwell–Cremona–
Delaunay correspondence, this results in a coherent morph, i.e., a morph between coherent (or
weighted Delaunay) graphs such that, at all times during the morph, the embeddings remain
coherent.
Naturally, one can ask if, in light of the results of Chapter 3, the same operation results
in a coherent morph on a flat torus. Specifically, suppose we are given Γ0 and Γ1 on some
flat torus T with equilibrium stresses λ(0) and λ(1), respectively. For t ∈ (0, 1), set λ(t) =

(1 − t)λ(0) + tλ(1). Each λ(t) is a positive symmetric stress. By Theorem 2.3, such stresses
are always realizable, giving us a morph between Γ0 and Γ1 through Tutte embeddings.

However, even when Γ0 and Γ1 are coherent and λ(0) and λ(1) are orthogonal reciprocal
stresses for Γ0 and Γ1 , respectively, it is not clear that each λ(t) would be an orthogonal reciprocal stress for the corresponding intermediate embedding Γ λ(t) . In particular, it is unknown
how the values α(t), β(t), γ(t) as defined in Equation (3.1) corresponding to each λ(t) depend
on the parameter t.
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8.1.2

Convexification of Star-Shaped Hexagons

Recall that one of the major roadblocks in trying to generalize the algorithm of Alamdari
et al. [4] to the toroidal setting is the inability to implement unidirectional convexification
on flat tori; see Section 6.2.1 for more details. In this section, we suppose the existence of a
toroidal implementation of unidirectional convexification, and describe a potential way to use
said hypothetical implementation in order to generalize Alamdari et al.’s result. Had this idea
panned out, it would have obviated the need for the “Cats and Dogs” analysis in Section 4.3,
and given direct extension of Alamdari et al.’s algorithm instead.
Recall that when trying to recursively compute a pseudomorph between triangulations Γ0 and
Γ1 , Cairns’ method requires two recursive calls whenever a vertex u can be direct collapsed to
some neighbor v in Γ0 , but can only be direct collapsed to a different neighbor w in Γ1 . Alamdari
et al. make use of unidirectional convexification to bypass this issue as follows: Since u cannot be
collapsed to vertex w in Γ0 , it must be because there is some vertex x blocking u from collapsing
to w. First, collapse u to v, then identify a quadrilateral containing v, w, and x. Temporarily
delete the internal chord of this quadrilateral, and apply unidirectional convexification in
the direction of, say, the temporarily deleted chord: this convexifies the quadrilateral. Now
uncollapse u from v; since the problematic quadrilateral has been convexified, we can now
collapse u to w. In summary, the potential extra recursive call is replaced by at most three
unidirectional linear (pseudo)morphing steps.
Whereas Alamdari et al. used unidirectional convexification to convexify quadrilaterals, we
now explain how to use it to convexify hexagons. Effectively, we would choose an arbitrary
vertex u of degree 6 and convexify its link in both Γ0 and Γ1 , thus allowing us (hypothetically)
to collapse u to an arbitrary neighbor v. Specifically, we analyze the possible links of a degree 6
vertex u, and identify a rotation such that the link is y-monotone. We can then collapse
u to any valid neighbor, temporarily delete all chords of the hexagon, apply unidirectional
convexification to convexify the entire hexagon, and then uncollapse u.
A shape is y-monotone if and only if all local extrema in the y direction are convex. If there
are no reflex angles, then there is nothing to do. Otherwise, note that a hexagon cannot have
more than three reflex angles, and so we proceed by case analysis.

8.1.2.1

One reflex angle

First suppose that the link of u has one reflex angle. Refer to Figure 8.1. Rotate the hexagon
so that ua is almost horizontal and a lies to the right of u. Since b must lie above a and f must
lie below a, we conclude that all extrema are convex, and thus the hexagon is y-monotone.
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Figure 8.1. A hexagon with one reflex angle

8.1.2.2

Two reflex angles

When the link of u has two reflex angles, there are three possibilities: the reflex angles are
adjacent, when they are one apart, and when they are two apart. Refer to Figure 8.2.
c

b
c
c

b
b

u

a
f
d

(a)

a

u
e

e

d

u

a

f
e
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(b)

f
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Figure 8.2. The three possibilities for two reflex angles: (a) the reflex angles are adjacent, (b) the reflex angles are one
apart, and (c) the reflex angles are two apart.

In cases (a) and (b), we rotate the hexagon so that ua is almost horizontal, and a lies to the
right of u. It immediately follows that b lies above a and f lies below a since the edges ub and
u f are internal. In case (a), the reflex angles are a and f . Vertex a cannot be an extremum,
and since ue is also internal and f lies below u, e must lie below f , so that f is also not an
extremum. In case (b), the reflex angles are b and f . Since b lies above u and f lies below
u and uc and ue are internal, c lies above b and e lies below f , meaning neither b nor f are
internal.
Finally, in case (c), the reflex angles are a and d. We rotate the hexagon so that the edge bc
is horizontal, with u below bc. Then a and d lie below b and c. If e and f both lie below a
and d then we are done. Since ue and u f are internal, e and f cannot both lie above the line
connecting a and d. Without loss of generality assume that e lies above the line connecting a
and d. Rotate the hexagon so that e f is horizontal and u lies above it. since e lies above the
line connecting a and d, u must lie below that line, meaning that c cannot lie below d and b
cannot lie below a, meaning neither reflex angle is an extremum.
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8.1.2.3

Three reflex angles

When the link of u has three reflex angles, there are three possibilities: all reflex angles are
adjacent, when just two are adjacent, and when none of them are adjacent. Refer to Figure 8.3.
c

c
d

u

c

b
a

b

u

a
f

(a)

(b)

b

u

a

f
e
d

e

d

f
e
(c)

Figure 8.3. The three possibilities for three reflex angles: (a) all reflex angles are adjacent, (b) two reflex angles are
adjacent, and (c) no reflex angles are adjacent.

In all three cases, we rotate the hexagon so that ua is almost horizontal, and a lies to the
right of u. It immediately follows that b lies above a and f lies below a, as before.
In case (a), the reflex angles are a, b, and f . We know a is not an extremum. Next, c must
lie above b and e must lie below f in order for the edges ub and ue to be internal, so b and f
are not extrema either.
Next, in case (b) the reflex angles are b, e, and f . If c were the reflex angle instead of b,
then we flip the picture so that a lies to the left of u, and then the analysis proceeds without
change. Since the edges ue and ud are internal, e lies below f and d lies below e, so neither
e nor f are extrema. Next, c must lie above d since uc is also internal, so b is also not an
extremum.
Finally, in case (c), the reflex angles are b, d, and f . Since uc and ue are internal, c lies
above b and e lies below f . But since d is reflex and ud is internal, the height of d must lie
between that of c and that of e, meaning that d cannot be a local extremum. We conclude that
no reflex angle is an extremum.

8.1.3

Morphing Toroidal Graphs Edge by Edge

In Section 6.3, we obtained a simple, efficient “best-of-both-worlds” planar morph that
simultaneously obtains nice properties enjoyed by both the Floater and Gotsman style [99, 111,
205–207] and the Cairns style [4, 44, 45, 133, 210] of morphs. However, in the toroidal case,
while we were able to obtain both a Floater and Gotsman style morph (Chapter 5) and Cairns
style morph (Section 6.2), it remains an open question if we can combine the two techniques
into another “best-of-both-worlds” result for flat tori.
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The problem is that, given a realizable stress vector λ, it is unclear when changing the stresses
along the darts of a single edge results in another realizable stress, even if λ were morphable
too. We have some partial results. For example, if λ is symmetric, and we change the stresses
along the darts of a single edge by the same amount, then the result is also symmetric; in
particular, this was the basis for the spring collapses introduced in Section 6.2.2. We can push
this idea slightly further:
Lemma 8.1. Let λ be a realizable weight vector, and let α be a positive row vector such that
αL λ = (0, . . . , 0) and αH λ = (0, 0). Let µ be another positive weight vector such that λd 6= µd
or λrev(d) 6= µrev(d) for some dart d, and λd 0 = µd 0 for all darts d 0 ∈
/ {d, rev(d)}. Set δ := µd − λd
and " := µrev(d) − λrev(d) . If δαtail(d) = "αhead(d) , then µ is realizable.

Proof. Suppose d has tail u and head v. The analysis of Lemma 6.2 gives us
L µ = L λ + (δeu − "e v ) (eu − e v ) T

H µ = H λ + τd (δeu − "e v )

Because αL λ = (0, . . . , 0) and αH λ = (0, 0), we immediately have αL µ = (δαu − "α v )(eu − e v ) T
and αH µ = x d (δαu − "α v ).

If δαu = "α v , then αL µ = (0, . . . , 0) and αX µ = (0, 0). It follows that a suitable scaling of µ

is morphable, and therefore realizable, which implies that µ itself is also realizable.
In particular, when λ is symmetric, then we can choose α to be the all-1s vector, which
implies that any weight µ satisfying the conditions of Lemma 8.1 is also symmetric.

8.2

Trivia

Two of the people who worked on planar morphing ended up at UIUC after their initial work
on the problem: Stewart S. Cairns published his initial results in 1944 [44,45], and subsequently
moved to UIUC in 1948 to serve as the Head of the Mathematics department. Timothy Chan
was an author on a preliminary version [5] of Alamdari et al. [4] that appeared in 2013, and
subsequently moved to UIUC in 2016, joining the Computer Science department.
I was able to obtain organic citations within the main text of this thesis for all but one
of the people in my (rather short) academic lineage. In order from most recent to least:
Jeff Erickson [48, 49, 51, 86–91], Raimund Seidel [17, 84, 192], John Gilbert [28, 104], and Bob
Tarjan [104, 146]. Unfortunately, I did not use any of the potentially related results [32, 100] of
my academic lineage’s progenitor, Bob Floyd.
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Both schools that I attended for my higher education changed their names in my last year
of attendance: I enrolled at the Polytechnic Institute of NYU (NYU-Poly) in 2011, but in 2014
the school was renamed the NYU Polytechnic School of Engineering; I was part of the only
graduating class under that name, for in 2015 the school was once again renamed to the
NYU Tandon School of Engineering. I then enrolled at the University of Illinois at UrbanaChampaign in 2015; in 2020 the school formally dropped the “at” from the name, becoming
the University of Illinois Urbana-Champaign. If one were to extrapolate from a single previous
data point, one may reasonably expect UIUC to rename itself again in 2022.
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